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PRBi'AGB. 



This book is designed to present the elementary f act;s of 
the science of algebra in such a manner that a deep interei 
will be awakened in the processes. 

The author has in several instances departed from the 
order of classification commonly followed in text-books on 
this subject because he deems it better to introduce the stu- 
dent to the attractive features of the science at an earl^ 
stage rather than to wait until he has mastered all the pro- 
cesses employed with most forms of algebraic quantities. 

The ideas of number which the pupil has gained in 
arithmetic have been associated with those involved in 
algebra in such a way that no diflSculty is experienced 
in passing from reasoning upon definite numbers to reason- 
ing upon general numbers. 

The treatment of equations is introduced at the begin- 
ning, and it is presented throughout the book, wherever it 
is possible to do so advantageously. 

The method of presentation exemplified in the other 
books of the series has been followed here, because it is 
recognized as pedagogically correct and because it has met 
with general approval. 

3 
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4 PREFACE. 

The work presents the merest elements of the science, 
and yet it is believed that the method of presentation, the 
illustration and application of mathematical principles, and 
the knowledge gained from the solution of problems, will 
familiarize the student with the fundamental principles of 
the science to such a degree that easy and rapid progress 
in the more abstract phases of the subject will be secured 
whenever he pursues the subject farther. 

The arrangement is such that those who prefer to omit 

the sections upon Simultaneous Equations and Equations 

solved by Factoring may do so without encountering any 

diflSculty in the subsequent work. 

WILLIAM J. MILNE. 
State Normal Gollbob, 
AU>any, N.Y. 
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ALGEBRAIC PROCESSES. 

1. Problem. A farmer had 444 sheep in two fields, 
one of which contained three times as many sheep as the 
other. How many sheep had he in each field ? 

• 

ARITHMETICAL SOLUTION. 

A certain number = the number in one field. 
Then 3 times that number = the number in the other field. 

And 4 times that number = the number in both fields. 

Therefore 4 times that number = 444. 

The number =111, the number in one field. 
3 times 111 = 333, the number in the other field. 

The solution given above may be abbreviated by using 
the letter n for the expressions a certain number and thcU 
number. In algebra, however, it is customary to represent a 
number whose value is to be found by x or by some other 
one of the last letters of the alphabet. 

ALGEBRAIC SOLUTION. 

Let X = the number in one field.- 

Then 3 x = the number in the other field. 

And 4 a; = the number in both fields. 

Therefore 4 a; = 444. 

X = 111, the number in one field. 
3x = 333, the number in the other field. 
7 
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8 GRAMMAR SCHOOL ALGEBRA. 

2. The student will observe that algebra is very much 
like arithmetic, but that it differs from arithmetic in often 
using letters to represent numbers. 

Letters used to represent! numbers are usually called 
quantities, though it is also pijoper to call them numbers. 

Thus, X in the preceding algebraic solution is called a quantity. 

3. Letters used to represent numbers or quantities whose 
values are to be found are called Unknown Numbers or Quan^ 
titles. 

The last letters of the /alphabet, as x, y, », etc., are com- 
monly employed to represent unknown numbers or qtuintities. 

Thus, X in the solution aliWdy given is called an unknown quan- 
tity. 

4. An expression of equality between two numbers or 
quantities is called an Equation. 

Thus, 6+8 = 13, and 3 a; = 16 are called equations. 

5. The sign = is used to indicate equality. 

6. The sign .'.is used, in writing solutions of problems, 
instead of the word therefore or hence. It is called the 
sign of Deduction. 

PBOBI.£]lffS. 

7. 1 . John and James together had 40 marbles, but John 
had three times as many as James. How many had each ? 

2. Two boys together dug 60 bushels of potatoes. If one 
dug twice as many bushels as the other, how many did each 
dig? 

3. If A and B together have $3000, and A has twice aa 
much as 6, how much has each of them ? 
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ALGEBRAIC PROCESSES. 9 

4. A number add^ to five times itself equals 30. What 
is the number ? f 

5. If a man is three times as old as his son, and the 
sum of their ages is 40 years, how old is the father ? How 
old is the son ? 

6. Divide the number 76 into two parts such that one 
part may be four times the other. 

7. A man bought a horse and carriage for $600, and 
the carriage cost him twice as much ag. the horse. What 
did each cost him ? 

8. A certain orchard has 700 trees in it. There are 
twice as many cherry trees as pear trees, and twice as many 
apple trees as cherry trees. How many are there of each 
kind? 

9. A, B, and C were talking of their ages. A sai(}, " I 
am twice as old as B " ; B said, " I am twice as old as C." 
The sum of their ages was 140 years. How old was each ? 

Suggestion. Discover from the problem the number which, if 
known, will enable you to find all the required numbers, and let x 
stand for that number. In this problem x will stand for C's age. 

10. The greater of two numbers is six times the less, and 
their sum is 49. What are the numbers ? 

11. After taking five times a number from fifteen times 
the same number, and adding to the remainder six times 
the number, the result was 8 more than 72. What was the 
number ? 

12. Mary has five times as many books as Hannah, 
Hannah has two times as many as Jane, and together they 
have 39 books. How many has each ? 
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10 GRAMMAR SCHOOL ALGEBRA. 

13. I paid five times 843 much for pens as for ink, and 
three times as much for paper as for both of these. How 
much did I pay for each, if they all cost me 96 cents ? 

14. A man paid twice as much for a pair of trousers and 
seven times as much for an overcoat as for a hat. How 
much did each cost him, if they all cost $ 60 ? 

16. A man divided $50 among four boys. To the second 
he gave twice, to the third three times, and to the fourth 
four times, as much as to the first. How much did he give 
to each ? 

16. A farmer has four flocks of sheep. The second is twice 
as large as the first, the third three times as large, and the 
fourth as large as the first and third together. If he has 
200 sheep in all, how many are there in each flock ? 

17. If one number is six times another number, and a 
third number is 10 times that number, and the sum of the 
three is 119, what are the numbers ? 

18. A man failed in business, owing A ten times as much 
as B, G four times as much as B, and D eight times as much 
as the difference between what he owed A and C. The 
entire amount he owed these men was $ 6300. How much 
did he owe each ? 

19. If a gold watch is worth ten times as much as a silver 
watch, and both together are worth $132, how much is 
each watch worth ? 

20. The whole number of votes cast for A and B at a 
certain election was 450, but four time?, as many votes were 
cast for A as for B. . How many were cast for each ? 

21. A man paid $175 for a horse, a cow, and a wagon. 
He paid twice as much for the horse as for the wagon, and 
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ALGEBRAIC PROCESSES. 11 

twice as much for the wagon as for the cow. How much 
did he pay for each ? 

22. A, B, and C form a partnership with a capital of 
9 14,000. B and C each furnish three times as much as A. 
How much capital does each furnish ? 

23. A and B performed a certain piece of work for which 
B received three times as much as A, and A received $ 12 
less than B. How much did each receive ? 

Solution. Let x = the amount A received. 
Then So; = the amount B received. 

2x = the amount B received more than A* 
.-. 2a; = $12. 

x = $6, the amount A received. 
8 X = $ 18, the amount B received. 

24. A farmer raised five times as many acres of wheat 
as of oats, and five times as many acres of oats as of 
potatoes. If 186 acres were cultivated, how many acres were 
there of each ? 

26. A man's capital doubled for three successive years. 
If he then had 9 9600, how much had he at first ? 
Suggestion. Let x = his original capital. 
Then 2 x = his capital at end of first year. 

26. Sarah had seven times as many chickens as ducks, and 
twice as many ducks as hens. If there were in all 119 fowls, 
how many were there of each kind ? 

27. A certain number can be separated into two factors, 
one of which is three times the other, and whose sum is 36. 
What are the two factors ? 

28. One cask holds four times as much as another, and 
the larger contains 27 gallons more than the smaller. How 
many gallons are there in each cask ? 
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12 GRAMMAR SCHOOL ALGEBRA. 

29. The population of one town is eight times the popu- 
lation of another, and the larger one contains 4900 more 
inhabitants than the smaller. What is the population of 
each town ? 

30. The difference between a certain number and that 

number multiplied by 18, is 119. What is the number ? 

•^. 

31. A, B, and C work the same number of days. A 
receives 75 cents per day, B receives 90 cents, and C 
receives 95 cents. All together receive $ 13. How many 
days does each work ? 

32. A father's age is five times the age of his son, and the 
difference between their ages is 44 years. What is the age 
of each ? 

83. What number added to ^ of itself equals 12 ? 



Solution. 


Let 


X- 


the number. 


Then 




x + hx = 


12 


Or 




ix = 


12 






.-. ix = 


4 


And 




« = 


r8 


Hence the number is 8. 







34. If a certain number is added to -^ of itself, the sum 
is 20. What is the number ? 

35. If to six times a certain number \ of itself is added, 
the sum is 19. What is the number ? 

36. A farmer had f as many horses as cows, and 
altogether he had 10 cows and horses. How many of each 
had he ? 

37. One of my pear trees bore ^ as many bushels of 
pears as the other, and both together bore 18 bushels. How 
many did each tree bear ? 
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ALGEBRAIC PROCESSES. 18 

38. There is a certain number, \ of which exceeds ^ of it 
by 2. What is the number ? 

39. One half of a certain number exceeds \ of it by 3. 
What is the number ? 

40. Divide 45 into two parts such that one may be | of 
the other. 

41. One half and one third of a certain number added 
together make 10. What is the number ? 

42. Three fourths of a number added to two fifths of 
it makes 23. What is the number ? 

43. If Charles had five times as many marbles as he now 
has, he would have as many as John and William together, 
the former of whom has 30, and the latter 15. How many 
marbles has Charles ? 

44. If a fourth of a number is subtracted from ^ the 
number, the result is 3. What is the number ? 

45. A man had 260 sheep in three fields. In the second 
he had twice as many as in the first, and in the third \ 
of the number in the first. How many had he in each field ? 

46. The less of two numbers is ^ of the greater, and 
their sum is 14 less than 50. What are the numbers ? 

47. Divide 120 into three such parts that the first part 
is ^ of the second, and J of the third. 

Suggestion. Let x = the first part. 

Then 2x = tjie second part. 

48. A, B, and C together have $900. A has twice as 
much as B, and C has twice as much as A and B together. 
How much has each ? 

49. What number is that to which if you add its half 
and take away its third, the remaindet will be 147 ? 
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14 GRAMMAR SCHOOL ALGEBRA. 

60. James has i as many marbles as Henry, and Henry 
has 16 more than James. How many marbles has each ? ' 

61. Julia has ^ as much money as May; Hattie has ^ 
as much as Julia ; all together have 18 cents. How many 
cents has each ? 

62. A certain number plus -J of itself, plus ^ of itself 
equals 46. What is the number ? 

63. In Mr. Green's library there were 1900 volumes. The 
number of books of fiction was ^ the number on science; 
the number on science was twice the number on history. 
How many volumes were there of each ? 

64. What number increased by ^ of itself equals 133 ? 

66. 6 has f as much money as A ; G has ^ as much as B ; 
altogether they have $ 27. How much has each ? 

66. Two fifths of a number plus J of the number equals 
36. What is the number ? 

67. George sold a certain number of oranges at 2 cents 
apiece ; Walter sold ^ as many at 4 cents apiece. If both 
together received 90 cents, how many oranges did each sell ? 

Solution. Let x = the number George sold. 
Then i « = the number Walter sold. 

2x = the number of cents George received. 
J a; = the number of cents Walter received. 
1 35 + 2 05 = the number of cents both received. 
.-. ^oa; = 90. 
Jx = 9. 

z = 27, the number of oranges George sold. 
}x = 9, the number of oranges Walter sold. 
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ALGEBRAIC PROCESSES. 15 

68. Kobert bought a certain number of apples, and his 
mother gave him ^ as many as he bought. He then had 18. 
How many apples did he buy ? 

59. A man gave f 50 to three poor families. To the first 
he gave ^ as much as to the second, to the third seven times* 
as much as to the first. How much did he give to each ? 

60. Three newsboys sold 100 papers. The first and the 
second sold the same number, while the third sold f as 
many as the otl^er two. How many did each sell ? 

61. A and 6 start in business with the same amount 
of money. A gains ^ as much as he had, while B loses \ of 
his capital ; they then have together $ 1160. What wajs the 
original capital of each ? 

62. What number increased by J of | of itself equals 52 ? 

63. The length of a field is 1|- times its breadth, and the 
entire distance around the field is 60 rods. What are the 
length and the breadth of the field? 

Solution. Let x = the number of rods in the breadth. 
Then IJ a; = the number of rods in the length. 

And 2^x = half the distance around the field. 

.*. 6 a; = 60 rods, the distance around the field, 
a; = 12 rods, the breadth of the field. 
IJ a: = 18 rods, the length of the field. 

64. What is the number whose double and half added 
together give 35 ? 

65. The sum of three numbers is 34. The first multiplied 
by 4 produces the second, and ^ of the first taken from the 
second gives the third. What are the numbers ? 

66. Find two factors of 100, one of which is four times 
the other, and whose sum is \ of 100. 
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16 GRAMMAR SCHOOL ALGEBRA. 

67. A father gave to his first son three times as much as 
to the second, to the third -J- as much as to the first and 
second ; in all he gave f 600. How much did he give to 
each ? 

68. Four men are taxed in the aggregate $ 500 as follows ; 
for every dollar that the first pays the second pays 1 dollar, 
the third pays ^ of a dollar, and the fourth pays 1^ dollars. 
How much IS each man's tax ? 

69. Emma sold 10 quarts of berries at a certain price per 
quart. Anna sold 14 quarts at twice that price per quart. 
Together they received $ 1.90. What price per quart did 
each receive ? 

70. Two boys walked toward each other from two towns 
18 miles apart. If one boy walked ^ as far as the other, 
how many miles did each walk ? 

71. What number is that whose fourth part exceeds its 
fifth part by 3 ? 

72. A man paid a certain sum for a house and lot, and 
sold them at a gain equal to ^ the cost. If the selling pricey 
was $3000, what was the cost? 

Solution. Let x = the cost of the house and lot. 
Then ^ a; = the gain. 

And li X = the selling price. 

.-. fa: = 3000. 
ia; = 1000. 
X = 2000, the cost of the house and lot 

73. A man paid a debt of $7500 in 4 months, paying 
each month twice as much as the month before. How 
much did he pay the first month ? 
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ALGEBRAIC PROCESSES. 17 

74. A man traveled 324 miles ; he went three times as 
far by steamboat as by stage, and eight times as far by 
railroad as by steamboat. How many miles did he travel 
by each conveyance ? 

75. Harry solved 8 problems more than Edward, and 
Edward solved ^ as many as Harry. How many did each 
solve? 

76. A man paid $150 for a wagon, which was 50 per 
cent or one half more than the original cost. What was 
the original cost of the wagon ? 

77. A man bought a lot for a certain sum ; he built upon 
it a house costing twice as much as the lot ; he furnished 
the house at an expense equal to ^ the price of the lot. 
The man, who had only $ 6000 in cash, found that he could 
pay for all his expenditures except furnishing the house. 
What was the amount of each item ? 

78. In an orchard there are 210 trees, arranged in rows. 
There are 5 rows with a certain number of trees in a row, 
and 8 rowb with twice that number of trees in a row. How 
many trees are there in the different rows ? 

79. A man earned daily for 4 days three times as much 
as he paid for his board. After paying his board for 4 
days, he had $8 left. How much did he receive per day, 
and how much did he pay for his board ? 

SO. A man on being asked how old he was said that ^ 
of his age added to twice his age made 84 years. How old 
was he? 

81. A man borrowed as much money as he had, and then 
spent ^ of the whole sum. If he had $ 4 left, how much 
had he at first ? 
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18 GRAMMAR SCHOOL ALGEBRA. 

82. A man had twice as many 5-cent pieces as dimes^ 
aud his money amounted to 200 ceftts. How many pieces 
had he of each kind ? 

Solution. Let x = the number of dimes. 
f Then 2 x = the number of 5-cent pieces. 

And 10 X = the number of cents in the dime pieces. 

lOx = the number of cents in 5-cent pieces. 
• .-. 20x = 200. 

X = 10, the number of dimes. 
2 X = 20, the number of 5-cent pieces. 

83. A stun of money amounting to $5 is composed of 
half aud quarter dollars. The number of half dollars is 
double the number of quarter dollars. How many pieces 
are there of each kind ? 

84. A man worked 10 days for a certain sum per day; 
his wife also worked at the same rate, and his son at ^ the 
rate of his father. They received in all $27.50. What 
were the daily wages of each ? 

85. In a certain field the length is twice the breadth, 
and the distance around the field is 90 rods. What are the 
length and the breadth of the field ? 

86. A tree 45 feet high was broken off so that the part 
left standing was twice the part broken off. What was the 
length of each part ? 

87. Divide $800 among three men so that the first and 
third shall together have three times as much as the second, 
and the first shall have double what the third has. 

88. The income from a very successful business quadru- 
pled every year for three years. If the entire income for 
the three years was $42000, what was the income for each 
year? 
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ALGEBRAIC EXPRESSIONS. 19 

ALGEBRAIC EXPRESSIONS. 

8. Quantities connected by algebraic signs are called 
Algebraic Expressions. 

Thus, a + b and 2a — 3 &c are algebraic expressions. 

9. The signs employed in arithmetic are generally used 
for the same purposes in algebra. 

What do the following expressions indicate ? 

1. 2 + 5; 17-6; 16^4; 15x3. 

2. a + b; c — d; c-*-d; d x a. 

3. a + b + c; a — b +c; a — b — c; axb XO. 

4. a — b — c + d; a + b—d — e; a xb xcxd. 

Multiplication is also indicated by writing letters, or a letter and a 
figure, side by side without any sign between them, or with a dot be- 
tween* them. Thus, a xb X c may be written abc or a • 6 • c 

What do the following expressions indicate ? 
6. 4a6; 5a^; 3a + 2b; Ax + Sy. 

6. 4:Xyz; 6abc] 6ax + Say] Bcd — Sd. 

7. Sxy — 4Lyz + 2z'j4:QcyZ'-2a>xy — 3by. 

10. The quantities which when multiplied together form 
a product are called the Factors of the product. 

11. The product arising from using a quantity a certain 
number of times as a factor is called a Power of that 
quantity. 

Thus, 4 is a power of 2 ; 64 is a power of 4 and also of 8. 

Powers are indicated by a small figure or letter, called an 

Exponent, written a little above and at the right of the 

quantity, showing the number of times the quantity is to be 

used as a factor. 

Thus, cfi shows that a is to be used as a factor five times, or that it 
is. equal to axaxaxax a. 
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20 GRAMMAR SCHOOL ALGEBRA. 

Powers are named from the number of times a quantity 
is used as a factor. 

Thus, a^ is read the seventh power of a or a seventh. 

The second power is also called the square, and the third 
power the cube of a quantity. 

12. Eead the following expressions and state what they 
indicate. 

1. a^; ofi\ a?\ aj^y*; ajV; a?f'^ aj«y*. 

2. a? + h^'j a^-^-b^', a«+&^ a«-6«. 

3. a^ft + aft^; a^x-bY; a'a^ + ba?-, a'a?y -- b^a^y^. 

4. a2 + 62-c2; aV + &y + A*; axf + byh^-^f. 

13. A figure or letter placed before a quantity to show 
how many times it is taken additively is called a Coefficient. 

Thus, iu the expression 5 x, 5 indicates that x is to be taken five 
times, or that it is equal tox + x-{-x + x + x. 

In the expression 4 be, 4 may be regarded as the coefficient of be, or 
4 b may be regarded as the coefficient of c. 

When no coefficient is written, it is manifestly 1. 

14. What do the following expressions indicate ? 

1. 5a^x^. 

Interpretation. The expression indicates five times the product 
of a used twice as a factor, multiplied by x used three times as a factor, 
multiplied by z used five times as a factor. 

It is usually read five a square, x cube, g fifth. 

2. Sxy. 5. 2aj2 + 2/l 8. Sx^ + 2y-Sz. 

3. 4ary. 6. Sx^4.f. 9. 2aV^Sxy-{-2z\ 

4. 5axy*, 7. 4:xy^3f. 10. 5a^y+SxY+5cz\ 

15. When several quantities are inclosed in parentheses, 
0, they are to be subjected to the same process. 



Digitized by 



Google 



ALGEBRAIC EXPRESSIONS. 21 

Thus, 2 x{x+ y) indicates two times the sum of x and y ; 
3(a + 6 — c) indicates three times the remainder when c has been 
subtracted from the sum of a and &. 

16. 1. Interpret and read the expression a x (b + c) or 
a(ib + c). 

Intbrpretation. The expression means that the sum of b and c 
is to be multiplied by a. It is usually read a times the quantity b 
pluac, 

Ihterpretand read the following : 

2. x(y'\-z), 7. a + 4:d(aX'-cy). 

3. 5(a — c). 8. Sx + 4:(2y'^3z). 

4. 3d(c-2^). 9. 2{Sx—5y) + {6x-'3y). 
6. 4:x{c + 2d). 10. Sa(x + c)—5y{z + d), 
6. 3ac(2x-Sf). 11. 5aa;(a-6)-3c2/(c -f-c?). 

Write the following in algebraic expressions : 

1. The sum of five times a and three times the square of x. 
Solution. 5 a + 3 x^. 

2. Three times b, diminished by 5 times a raised to the 
fourth power. 

3. The product of a, 6, and a — c. 

4. Seven times the product of x times y, increased by 
three times the cube of z. 

6. Three times x, diminished by five times the sum of a, 
b, and c. 

6. Six times the square of m, increased by the product of 
m and n. 

7. The product of a used five times as a factor, multiplied 
by the sum of b and c. 

8. Twelve times the square of a, diminished by five times 
the cube of b. 



Digitized by 



Google 



22 GRAMMAR SCHOOL ALGEBRA. 

9. Eight times the product of a and 6, diminished by four 
times the fourth power of c, or c used four times as a factor. 

10. Six times the product of the second power of a mul- 
tiplied by w, increased by five times the product of a times 
the second power of n. 

11. Four times the product of x by the second power of 
y, multiplied by the cube of z, diminished by a times the 
fourth power of c. 

12. The fourth power of a plus the cube of 6, plus three 
times the product of the square of a by the square of 6, 
diminished by the cube of d. 

17. When a = 1, 6 = 2, c = 3, d = 4, e = 5, find the nu- 
merical value of each of the following expressions by using 
the number for the letter which represents it. 

Thus, 2a + 36-c2 + d = 2 + 6-9-v4 = 3. 

1. Zahcd. 13. 12&c-f-e(c — a). 

2. 5abc(P. 14. S(^d-5abc, 

3. 2aW. 16. 9a-46-f-2cd 

4. Sabcde. 16. 3a6d — 4e-|-cd. 
6. 3a + 5b. 17. a^V-tP-f-c^. 

6. 4a + 3&. 18. (a-f-6)-f-e((f-c). 

7. 2e-3c-f-(l. 19. b(d-a + c)-bd. 

8. 4a6^c(P. 20. a6c-|- ode — d(e — c). 

9. 10a*6-3a&l 21. 6 VcP - a6 -f- cd. 

10. Sd-'2b^ + e. 22. 6(d-f-a)4.e(6-|- c). 

11. 5cd''5bC'-5ab. 23. c^-f- 4a6c-f-d(e — d). 

12. Sa^ft^ + c^-de. 24. (a-f-6)-h3(c-l-d)4-2(e-d). 
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TERMS IN ALGBBRAIC EXPRESSIONS. 

18. An algebraic expression whose parts are not sepa- 
rated by the signs + or — is called a Term. 

Thus, 6x, 3 by, 4 x^'^e'^, d^b^d^e are terms. 

In the expression Bx + 2ay -\-Scd — z there are four terms ; in the 
expression xy^ — a^^ there are but tvoo terms. 

19. A term which has the sign + before it is called a 
Positive Term. When the first term of an expression is 
positive, the sign -f- is usually omitted before it. 

Thus in the expression 2a — 3& + 4c — 6(2 + 3e the first, third, 
and fifth terms are positive. 

20. A term which has the sign — before it is called a 
Negative Term. 

Thus in the expression 2a — 3& + 4c — 6d— 3«,the second, fourth, 
and fifth terms btg negative, 

21. Terms which contain the same letters with the same 
exponents are called Similar Terms. 

The coefficients or signs need not be alike, however. 

Thus, 5a^ and — 7 a;' are similar terms ; also 3(a;+a)^ and 6(a5 + a)*. 
Expressions like batfl and csfi may be considered similar terms by 
regarding b and c as coefficients. 

22. Terms which contain different letters, or the same 
letters with different exponents, are called Dissimilar Terms. 

Thus, Sxy and Spq are dissimilar terms ; also 6 x^ and 6 xj/^. 

^ 23. An algebraic expression consisting of but one term 
is called a Monomial. 

Thus, ab, Saxyz^ ^x^^z are monomials. 

24. An algebraic expression consisting of more than one 
t3rm is called a Polynomial. 

Thus, a-\-b -\- c and 3x + 4 y are polynomials. 
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25. A polynomial of two terms is called a Binomial, 
Thus, 3 X + 2 y, a — &, and 4ab — Zcdaxe binomials. 

26. A polynomial of three terms is called a Trinomial. 
Thus, a + h + c and 2x — 2y-\-bza,re trinomials. 

27. Select from the following : 

1st, the positive terms. 5th, the monomials. 

2d, the negative terms. 6th, the binomials. 

^ 3d, the similar terms. 7th, the trinomials. 

' 4th, the dissimilar terms. 8th, the polynomials. 

1. 2aa?, 3aj2y, 2a + 36, 6ajVi5aaj*, 3aj + 26. 

2. 3a:* + 22^, 5a-36-f-c, -4aaj, 6a — c + c?, a« + 6^ 

3. a + b + 2c + 3dfax — hx — 3c + 2dfax + bx. 

4. aV + 2aa?, 3a + &, 2a — c + d, 3aV.— 4aa?. 

Write the following : 

5. Four positive terms; three negative terms. 

6. An expression containing three positive and two 
xiegative terms. 

7. Three similar terms; four dissimilar terms. 

8. An expression containing four positive similar terms, 
and one containing four positive dissimilar terms. 

9. An expression containing five similar terms, three of 
which are positive and two negative. 

10. An expression containing five dissimilar terms, four 
of which are negative and one positive. 

11. Six positive monomials; three positive similar mono- 
mials; four negative monomials; three negative similar 
monomials. 

12. Four polynomials ; four binomials ; four trinomials. 
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POSITIVE AND NEGATIVE QUANTITIES. 

28. In arithmetic the signs -f- and — are used to indicate 
operations to be performed, but in algebra they are used 
also as Signs of Opposition. 

Thus if gains are considered positive quantities, losses will be nega- 
tive; if distances north from a given point are considered positive, 
distances south will be considered negative^ etc. 

1. Place appropriately before each of the following quan- 
tities the sign -f- or the sign — : 

Mr. A gains $40 and loses $20. Mr. S earns f 25 and 
spends $15. A ship sails 40 miles north from a given par- 
allel, and then 20 miles south. A thermometer indicates on 
Monday 15° above zero, and on Wednesday 10° below zero. 

2. A man deposits in a bank $50, and then draws out 
$20. Indicate the transaction by using the signs + and — . 

3. Mr. H buys 25 horses and sells 10 of them ; he then 
buys 15 more and sells 8 of them. Indicate the transac- 
tions by proper signs. 

4. A vessel sailed 40 miles east, and was then driven by 
adverse winds 30 miles west. Indicate the directions by 
proper signs. 

6. How much worse off is a man who is $50 in debt 
than if he had nothing? Indicate his condition by the 
sign 4- or — . 

A negative quantity is sometimes regarded as less than zero. 

6. Two vessels left the same port^ one sailing west 10 
miles per hour and the other sailing east 8 miles per hour. 
How far were they apart at the end of two hours ? Indi- 
cate the distance sailed by each vessel and the direction. 
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29. 1. How many days are 6 days, 4 days, and 3 days ? 

2. How many d's are 5 d, 4 d, 3 d, and 6 d ? 

8. How many c's are 6c, 3c, 5c, and 2c? 

4. How many aft's are 3 aft, 2 a6, 4 a6, and 5 a& ? 

5. When no sign is prefixed to a quantity, what sign is 
it assumed to have ? 

6. When positive quantities are added, what is the sign 
of the sum ? 

7. If Henry owes one boy 3 cents, another 5 cents, and 
another 6 cents, how much does he owe ? 

8. If the sign — is placed before each sum that he owes, 
what sign should be placed before the entire sum ? 

9. What sign will the sum of negative quantities have? 

10. If a vessel sails -f- 5 mi., -f- 8 mi., + 9 mi., and then 
sails — 4 mi., — 2 mi., — 6 mi., how far is she from the sail- 
ing port ? 

11. A boy's financial condition is represented as follows: 
Henry owes him 15 cents ; David owes him 10 cents ; James 
owes him 8 cents. He owes William 9 cents, and Fred 10 
cents. What is his financial condition? How much is 
15 cents, 10 cents, 8 cents, — 9 cents, — 10 cents ? 

26 
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30. Principle. Only similar qtmntities can be united 
by addition into one term. 

Dissimilar quantities cannot be added^ but in algebra an 
indicated operation is often regarded as an operation per* 
formed. It is important to remember that fact. 

Thus, a and b cannot be added, and yet a + & \a called their sum, 
though the operation is only indicated. 

31. To add similar monomials. 



1. 


2. 


3. 


4. 


5. 


6. 


3x 


9a& 


— 3mn 


-a^y 


aa 


- be 


7x 


4a& 


— 2mn 


-bT^y 


6 ax 


- 76c 


X 


Zab 


— 9mn 


-Sx^y 


5ax 


- 2bc 


5aj 


6a6 


— mn 


-^^y 


4aa; 


-126c 


2x 


2ab 


— 5mn 


-Ta^y 


3aa; 


- 66c 



7. Express in the simplest form 6a + 3a — 2a — 7a-f- 
12a + 3a. 

Solution. The sum of the positive quantities is 23 a, and the sum 
of the negative quantities — 9a. 23a — 9a = 14a. Hence the sum 
of the quantities, or the simplest form of the expression, is 14 a. 

Express in the simplest form : 

8. 8a — 2a-t-a--3a — a + 7a. 

9. 4icy + 3a^2^-aj*y' + 5aj*y*-10a5y. 

10. 7mcc + 4ma; — 6ma; — 2waj — 6?iM5 + ma?. 

11. 5y''Sy'\-Sy-10y'\-ey-y. 

12. 8m + 3m — 5m — 2m4-6m — 4m. 

13. 7 6c + 3 6c — 4 6c — 5 6c + 8 6c — 6c. 

14. 9xy-\-2xy — 5xy + 10xy — 7xy'-4:xy + 5xy, 

15. ex^z-'4a^Z'\-3x^Z'\-Sa^z-5xhi'\-3afz--10iAi. 
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16. 16m/i + 6mn — 10 mw — 4 mn — 3 mn 4-4 mn. 

17. 4a^6-3a*6 + 7a%- 14 a^fe - 3 a^ft + 20 a%. 

18. 25aa? — 17 aaj — 13aa? + 19aaj + Caaj — 20aa?. 

19. S(aby + 9{a^y - {aby + 7{aby - 9{aby, 

20. 8 (a-6) -t-4(a-6) ^e^a-b) -2(a-6) +3(a-6). 

21. 73^-4 3r^2; + y««-63r^-t-23^2. 

22. 5(x+y) -2(a:+y) -3(a:-t-y) +8(a;+y) -2{x+y). 

23. 4(a + 6)2 + 10(a + 6)2- 7(a + by- 2{a + by 
+ 5(a^by 

24. 3cd — 2cd-f 6cd + 7c(f-3cd-4cd 

26. 9(a:y)8 _ 3(^^)3 ^ 4(^^)3 _ r^f^^^y ^ 2{xyy - 6(c^y)^ 

3S. To add when some terms are dissimilar. 

1. Addx + 3y-ZyX — 2y,x + ^y-\-3z, 

PBOGESS. Explanation. Forconvenience in adding, similar 

^ + 3 ^ — z terms are written in the same column, and the sim- 

(C — 2 V P^®^^ ^^"^ ^^ ^^® ^^™ ^ obtained, by beginning at 

. „ either the right or left hand column and adding 

x-j-^y-f-az gj^j^ column separately. The dissimilar terms in . 

3aj4-5i/ + 2» ^® result are connected with their proper signs. 

Rule. Write similar terms in the same column. Add 
eaxh column separately by finding the difference of the sums of 
the positive and the negative terms. Connect the resvUs with 
their proper signs. 

Find the sum of each of the following : 

2. 3. 4. 

2a--46 10aj + 32^+ « 3a^4-2y2- 2* 

6a--26 -6»- y '-2xy + 6y'^-5z'' 

2a-\-Sb 2a?-2y+ z 7a?y-4^ + 4«* 

— 5a — 4& x + Ty — ^z 2y*4-5«* 
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6. Find the sum of 2c-f-5(f, 7c — d, d — 4c, 2d — c. 

6. Findthesumof 6 771— 4w,2m+3n, 5n— 7wi,2n— 3m. 
Express in the simplest form : 

7. 2a + 26H-3c + 46-4a + 6a — 2c. 

9. 3w+Ax—7 y-\-2v''2w'-x+Sy'\'4.v^Sx'\-^w^6v. 

10. a'b^'\-c^+cd-2 c»-3 cd+S aW+cd-3 c«-2 aV-c*. 

1 1. Add a6 + a^c - 6, 3 a5 - 3 a^c + 7, 2 a*c - 2 a 6 - 3. 

12. Add5a + 36-2c-t-d, 26 + c-3d, 7a-56 + c. 

13. Add 6m+Sn+x^y, 2m— 2n4-3a;+4y, — m— 5a 
4-21^. 

14. Add 3aj + 7y — 4» + 6w, 7« — 4a? — 2y — 5w, aj + y 

15. Add4a;2y_3^y2_2aj2y«, 4 a;y* - 3 ic^^ - 2 a^y , 4aj*3^ 
'-2a?y--3xf. * . 

16. Add3aj*4-22r, — 4aj*4-5y", 5aJ" — 4y", 7a;"' — 2y*. 

17. Add 8a26V-3a6 + etl, 2aW4-a6-4^d.- 2a6 

18. Add 7m* — 6m« + 671*, 4mn — 3m' — ti', 6m' — 4n* 

+ 5 77171. 

19. Add lA:aa? — %af + ^a^, 20 ay* — 24 aa;» - 12 a«», 
32ax»-40a2^ + 15a2». 

20. Add 10 a'6 - 12 a%c- 166V + 10, - 4 a«6 -f- 8 a^fec 
- 10 6^-4, 2a% + 12 a^fcc + 56V + 2. 

21. Add 4«3-6aaj* + 5a2a?~5a»^ 3 a:^ + 4 oa:* + 2 a'a? 
+ 6a8, -17a;« + 19aar^-15a2a; + 8a». 

22. Add ^{c-Jtd) -3(c+d) +a(c+d) -26(c+d)-(c+d), 

23. Add7a — 36 + c + m, 36 — 7a — c+ m. 
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24. Add Sax + 2(x + a)-hSb, 9aa?+ 6(aj + a) — 96, 
llx+ 6b — 7 ax — S{x + a), 

26. Add 6{x+y) 4-321-8, 2{x+y) -22 + 4, SzS{x+y). 

33. A letter may sometimes represent some definite 
number. 

Thus, a may represent 6 ; then 2 a will represent 10 ; 3 a, 15, etc. 

A letter may also represent any number, whatever its 

value. . 

Thus, 5 tunes n may represent 6 times any number ; 8 times n or 
8 n may stand for 8 times any number. 

34. Letters used to represent quantities having a definite 
value, or letters which represent any number or quantity are 
called Known Numbers or Quantities. 

The first letters of the alphabet, as a, 6, c, etc., are used 

to represent known numbers or quantities. 

Thus, a, b, c, d, etc., are usually considered known quantities; 
that is, they either stand for known numbers or for any number. 

PROBLEMS. 

t^. 1. A man bought a barrels of flour, b barrels of 
sugar, and 8 barrels of molasses. How many barrels in all 
did he buy ? 

2. Edith bought a ribbon for m cents, a pencil for d 
cents, and a book for 6 cents. How many cents did she pay 
for all? 

3. A farmer sold some sheep for c dollars, a cow for n 
dollars, and a horse for as much as he received for the sheep 
and cow. How much did he receive for all ? 

4. George walked a miles, he then rode 3 miles on his 
bicycle, and b miles on the cars. How far did he travel ? 
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6. A man began business with 2 c dollars. The first 
year he gained ^ as much as he had; the second year ^ as 
much as he had at the end of the first year ; and the third 
year $ 400. How much did he gain in the three years ? 

6. The letter b represents an odd number. What will 
represent the next even number? What the next odd 
number ? 

7. Laura is m years old ; Lizzie is twice as old as Laura ; 
and Mabel's age is equal to ^ the ages of the other two. 
What is the sum of their ages ? 

8. A merchant took in c dollars one week, d dollars the 
next, and $ 75 the next. How many dollars did he receive 
in the three weeks ? 

9. What is the sum of x + x + x+etG. taken seven 
times ? Of X'\-x + x+ etc. taken a times ? 

10. A grocer sold b pounds of sugar, c pounds of coffee, 
d pounds of tea, and 2 pounds of chocolate. How many 
poimds of groceries did he sell ? 

11. A man paid m dollars for a coat, n dollars for a 
waistcoat, p dollars for trousers, g dollars for a pair of 
boots, and r dollars for a hat. How much did his outfit 
cost him ? 

12. A man paid a dollars for a farm ; he then expended 
upon improvements d dollars, and sold it for b dollars more 
than the entire cost. How much did he receive for it ? 

13. My fare to San Francisco was a dollars, my sleeping- 
car charges c dollars, my meals cost me b dollars, and my 
other expenses $25. How much did I expend before I 
reached San Francisco ? 
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36. 1. What is the difference between 8 days and 5 
days? 

2. What is the difference between 11 cents and 4 cents ? 

8. What is the difference between 12 d and 5d? 

4. What is the difference between 15c and 8c ? 

5. What is the difference between 12/ and 8/? 

6. Subtract: 

8a; from 13a; ; Ay from 15y ; 6 c from 13c; Sd from 20d; 
lOa^y from 14a5*y; Sa^y* from 21a?y*; 4,xy^ from 14 ay*; 
10a*6* from 18 a%^; Sa^x^y^ from 15aVy*; 4a&cd from 
13 a&cd; 6 afeca; from 18 a6ca;; 10aa;^yV from 20aa?y2;*. 

7. What is the remainder when AiOfy?^ is subtracted 
from 10 aVy» ? What is the sum of 10 a^yrf and - 4 a Vy^ ? 

8. What is the remainder when 3a6c^ is subtracted from 
12 ahe ? What is the sum of 12 (xJbi? and - 3 ah(^- ? 

9. Instead of subtracting a positive quantity, what may 
be done to secure the same result ? 

10. What is the result when 8 is subtracted from 15? 
What, when 8 — 5 is subtracted from 15 ? 

11. Why is the result 5 more in the latter case than in 
the former ? 
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12. What is the result when 10 a is subtracted from 
18a ? What, when 10a — 8a is subtracted from 18a ? 

13. Why is the result greater by 8a in the latter case 
than in the former ? 

14. Instead of subtracting a negative quantity, what may 
be done to secure the same result ? 

15. One vessel was 40 miles east and another 20 miles 
west from a given meridian. Indicate their relations by 
proper signs. How far apart were they ? 

16. Mr. A's property is worth $ 25 a and Mr. B is l|( 8 a 
in debt. Indicate their financial conditions by proper signs. 
What was the difference in their financial condition ? 

17. A thermometer indicated a temperature of 35® (ibove 
zero on Jan. 5, and of 15° below zero on Jan 6. Indicate 
the temperature by proper signs. What was the difference 
in temperature ? 

37. Principles. 1. The difference between similar qtuzn- 
tities, only, can be expressed in one term, 

2. Subtracting a positive quantity is the same as adding a 
numerically equal negative quantity. 

3. Subtractiiig a negative quantity is the same as adding a 
numerically eqiuil positive quantity, 

38. To subtract when the terms are. positive. 

1. From 10 a subtract 4 a. 

process. Explanation. When four times any number is taken 

10 a ^T^om ten times that number, the remainder is six times 

the number ; therefore, when 4 a is subtracted from 10 a, 

^^ the remainder is 6 a. Or, since subtracting a positive 

^^— number or quantity is the same as adding an equal nega- 

"^ tive quantity (Prin. 2), 4 a may be subtracted from 10a 

by changing the sign of 4 a and adding the quantities. Therefore, to 

subtract 4 a from 10 a, we find the sum of 10 a and — 4 a, which is 6 a. 
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2. Fiom 13 m take 15 m. 

PROCESS. Explanation. After subtracting from 13 m as much 

^ A as we can of 15 m, there will be 2 m yet to be subtracted, 

Jo m Qj. |.j^g result will be —2 m. Or, since subtracting a posi- 

15 m tiye number or quantity is the same as adding an equal 

"" negative quantity (Prin. 2), 16 m may be subtracted from 

^ 2m 13 m by finding the sum of 13 m and — 15 m, which is 

— 2 m. Therefore, when 15 m is taken from 13 m, the 

result is — 2 m. 

S. 4. 6. 6. 7. 8. 

From 19aj Tab 18m' 16ajy 6a?fz 9mn 
Take 4x Sab 13 m* 20 xy Sx^fz Umn 

Subtract the following : 
9. Sx + SyiToml2x + 7y. 

10. 5ab + SchomlOab + 2o. 

11. Ab + 9divomSb + 5d. 

12. 5x + y iromSx + Sy. 

13. 4:X'\-SzfTom 5x + 9z. 

14. 3o-t-26-f-5cfrom7a + 56 + 6a 
16. 7a + 26from9a + 6. 

16. 5a? + Sy^ + 6xyivom7a?'\-3f + 2xy. 

17. ^xy + 3z homlOxy + Bz. 

18. 5(a* -t-&*) + 7c«-t-2d from 6(a* + y) + 4c« + 44 

19. 3a(j9-f g) + 2froin6a(j9 + 9)+7. 

20. 5x*-t-7y-t-42-t-5 from 5aj-t-4y + 82J4-6. 

21. 30^ + 2^ 4-2 +4v from 7a* + 3y + 6« + u 
'22. 2x + 5{y + z)'\-S from 7aj + 2(y-|-2) + 10. 

28. 3a* + 5y + 4c* + d* from a«-f 66*-t-c*-t-5(P. 
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39. T^ subtract when some tenns are negative. 

1. From 7 05— 2 y subtract 4a? — 3 y. 

Explanation. Since the subtrahend is composed 
PROCESS. ^1 ^^^ terms, each term must be subtracted separately. 
7 X--2y Subtracting 4 x from 7 x — 2y, leaves Sx — Zy%or the 
4 a? — 3 V ^^^^ °^*y ^® obtained by adding — 4x to Toe — 2y. 
_ ^ But since the subtrahend was 3 y.less than 4 x, to obtain 

the true remainder, Zy must be added to 3 a; — 2 y, 



3 cc -h y which givee Zx-\-y, 

Therefore the subtraction may be performed by 
changing the sign of each term of the subtrahend and adding the 
quantities. 

EuLE. TFrije similar terms in the sam£ column. Change 
the sign ofeo/ch term of the subtrahend from H- to — , or from 
— to 4-, or conceive it to he changed^ and proceed as in 
addition. 



From 
Take 


2. 3. 

4a'aj 9aj«y2 
3a»aj —lo^yz 

7. 

4a6-3c-|-d 
-2a6-|-5c-d 


4. 6. 

62/-42 7aj« + 5y« 
5y'\-2z Ait^-Sy^ 

8. 
Bx^—Sxy + x 10 
63i^'\-5xy — X 5 


3a 
3a 


'-36 + C 
4-36 — c 


From 
Take 


ax- 
ax- 


9. 

-rsy + s? 

- 7y-«» 



10. From 12 a*— 20 ofif + 6a;.y subtract 9 a^^ — 2iry + 4aj*. 

11. From 4a6 + 36*- 6cd subtract 6a6- 262 + 2cd. 

12. From9a;^ — 6ajy^ — 2a^ + 5 subtract 3aj*y + ay -f-i8. 

13. From 7a?* + 2a?*y** — 5.v* subtract 4a?* — 2a?*y" — 9y*. 

14. From 8 (m + n^) - 12 (m* + w) subtract 12 (m + »*) 
-8(m« + n). 

16. From 4a;^ + 72/^-32' 4- »^ subtract — 2 a?' 4- 3^—31^. 
16. From 5(p 4- g) — 6(r 4- «) 4- 16 subtract 8(p 4- q) 
4-2(r4-«) + 26. 
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17. From IS mhia^ + 12 arbt? + ahd subtract - 2mVi«* 

18. From a*-2a6 + c*-36« subtract 2a* -2a6 + 361 

19. From 2x'' + 2f-^4:xy subtract 2aj*+ 2y* + 4ajy. 

20. From 4dj* + 3aj*^ — 8^ subtract the sum of a?* — aj^y* 
+ 3y* and 2aj* + 2xV-9y*. 

21. From 6aj'*y*+ 10«V — ^y^f* subtract 10«^ — 425*/ 
+ 5^. 

22. From 3af'--4ic"y*+ 4^* subtract 4aj* + 2afy" — y*. 

23. From 4 fta?* + 3 ay* + 4 — cy subtract cy — Q^ bm?. 

24. From 10 m* — 4 mn — 3 n* — 18 subtract the sum of 
m* — 3mn + 4 and 5m* — 2mn + 6n*. 

26. From a*a? — x* + aj^y — 8 subtract 3a*a?— 6— aj*+2a^. 

26. From 15aj*y*-15 subtract 4a*y* + «;*-4y*-10. 

27. From 2a; + y 4-2 4- M subtract X'\-2y-\-2z + 2u. 

28. From 16a*6*- 126c + 146* subtract the sum of 
a*6*-36c + 4 and 10a*6* + 86c + 56*. 

29. From ax + by subtract cx^-dy, 

PROCESS. Explanation. Since a and c may be re- 

, garded as the coefficients of oc, and b and — d 

^^ 'voy ^^Q coefficients of y, the difference between 

ex — dy the quantities may be found by writing the 

■z r — -jr— difference between the coefficients of x and y 

(a — C)X -\- {p -\- a)y respectively for the coefficients of the remain- 
der. Since c cannot be subtracted from a, the 
subtraction is indicated by {a — c)^ and since — d cannot be sub- 
tracted from &, the subtraction is indicated by (h -\- d), consequently 
the remainder may be written (a — c)x + (6 + d)y, 

30. From ax 4-2 y subtract 2 aj — 6?^. 

81. From 2cX'-ay + 3z subtract cy + 5x — cm. 
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32. From ex — 12 ahy + 4: a^ti^ subtract 6a?— 10a5y+36'. 

33 . From 2 a (a — 3^) + 4 a&a? subtract 3 c (« — y ) + 2 aa;. 

34. From ax -{' by -{- cz subtract bx + cy'\-dz, 

35. From 3a? + 7^ + 82? subtract hex — ay -{- az. 

36. From 6ay + 2c2 + 6a? subtract cy — az — dx. 

37. From (a — 6)a? + (c + d)y subtract ax-\-dy, 

38. From 7a;*+ Sa^^ + Gz* subtract 2aa^ -{-Sy^ — a^. 

39. From (m-t-n)a?^ + (m— 11)^*4-2* subtract mna^^Ay' 
+ az^. 

40. From a(a? + y)+ b{x — y)+dx subtract b(x + y) 
-^ a{x — y) — ex, 

41. Express the difference between m and n. 

42. Write the number one less than a?; the number one 
greater. 

43. A man sold a horse for $ 125 and gained a dollars. 
What did the horse cost? 

44. A girl earns b cents a day and spends 25 cents a 
week. How much has she left at the end of the week ? . 

45. The sum of two numbers is 30, and x represents one 
of them. What represents the other? 

46. The difference between two numbers is 5. How may 
the numbers be represented? 

47. A merchant bought a hat for b dollars and a coat 
for c dollars, and sold the two for d dollars. What repre- 
sents his gain ? 

48. A man whose income is a dollars spends m dollars 
for rent, n dollars for living expenses, and 100 dollars for 
other expenses. What represents the amount he saves? 
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49. A lady paid a dollars for a dress, c dollars for a hat, 
and 92b for a cloak. How much had she left from a 
1550 bUl? 

60. A man paid 40 dollars for a cords of wood, and sold 
it at 3 dollars a cord. How much did he gain? 

61. A farmer sold some grain for h dollars, some fruit 
for d dollars, and some hay for e dollars. He received in 
part payment a horse worth / dollars. How much remained 
still to be paid? 

40. The parenthesis, ( ), the vinculum, , the bracket, 

[ ]y and the brace, {}, are called Signs of Aggregation. 
They show that the quantities included by them are to be 
treated as a single quantity. 

Thus, (fl-\- h)xc, a-\-by.c, and {a-\-h}xc show that the sum of a 
and & is to be multiplied by c. 

41. The subtrahend is sometimes expressed with a sign 
of aggregation and written after the minuend with the 
sign — between them. 

Thus, when 6 + c — d is subtracted from a-\- h^ the result is some- 
times indicated as follows : a + 6— (6 + c — 4). 

1. What change must be made in the signs of the terms 
of the subtrahend when it is subtracted from the minuend ? 

2. When a quantity in parenthesis is preceded by the 
sign — , what change must be made in the signs of the 
terms when the subtraction is performed, or when the paren- 
thesis or other similar sign is removed ? 

The term parenthesis is commonly used to include all 
signs of aggregation. 

42. Pbinciples. 1. A parenthesis^ preceded by the minus 
sign, may he removed frorn an expression if the signs of dU 
the terms in parenthesis are changed. 
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2. A parenthesis, preceded by the minus sign, may he 
used to inclose an expression if the signs of aU the terms to be 
indosed in parenthesis are changed. 

When quantities are inclosed in a parenthesis preceded by the plus 
sign, the parenthesis may be removed without any change of signs, 
and, consequently, any number of terms may be inclosed in a paren- 
thesis with the plus sign without any change of signs. 

The student should remember that in expressions like —(ofi—y+z) 
the sign of x^ is plus, and the expression is the same as if written 

Simplify the following : 

1. 20~(3 + 4-6 + 5). 
Solution. 20 - 3 - 4 + 6 - 6 = 14. 

2. 26-(6 + 9-.3-7 + 13). 

3. 5_(3 + 2-6)-(-2-4 + l). 

4. (7-5 + 3)-(8-9 + 2). 

6. 15~(3-f4-.6)-(8-6 + 7). 

6. (4 + 10-8)-(34-7-4). 

7. 19-.(12-5 + 8)-(ll-5-3). 

8. 30-(-6 + 8-l)-(18~10 + 4). 

9. (14-6 + 2)-(18-.20 + 6). 

10. 15-(3 + 8-7)-t-16-(10 + 4 + 5-8). 

11. (5 + 7_8)-6-(-.5 + 3-6 + 2). 

12. l6-[8-(6 + 6-4)-t-12]. 

Solution. 16 - [8 - (6 + 6 - 4) + 12] 
= 16 -[8-6 -6 r4 + 12] 
=r 16 -8 + 6 + 6-4- 12 
= 3. 
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13. 25 -[13 -4 + (3 -10 -2)]. 

14. 10-{8-(15 + 7 + 3) + 6}. 

15. 17-(3 + 8)-[12-(3 + 8)-5]. 

16. -.^-l6 + 13-(6-l+4) + 5-10|. 

17. (3 + 7-4)-[14-(13 + 7) + 6]. 

Simplify the following : 

18. aT-(6 — c-t-d — e). 

Solution, a— (6 — c + d— 6) = a — 6 + c — d + e. 

19. 2aj — (a?- 6a;-t-3aj — 8aj). 

20. 7m — (3n + 2m — 6m + n). 

21. 4aj2-|-7aa? — (5aaj + 3aaj — 2a5* + 10aaj). 

22. a« + 62-(-2a6-2a2-262). 

23. {6xy'\-2z)-(^z + 3xy--2z + 5). 

24. a-6-(a + 6-c-3). 

26. a + 6 - (2 a - 3 6) - (5 a + 7 6) - ( - 13 a + 2 6). 

26. (a + 6-f c)-t-(-a-|-6-c)-(a-6 + c). 

27. a?-[-a;-t-2^-(a; + 2a?) — 2aj]. 

28. 3a;- [a?- 32; -(22^-2?)]. 

29. a2-a-(4a-2^-3a«-l). 

80. m + w — (m-fn) — {m — n — (m + w) — w}. 

31. (a2^2a^ + y2)-(2a?y-a2-y2). 

32. 9»-[8a;-6a?-3a;]. 



33. (aj + 10)-{a;-3a? + 25-10}. 

84. 8a-(6a-5)-(5a + ll-4a). 

85. a— i26-(3c+26)-a]. 
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TRANSPOSITION IN EQUATIONS. 

43. 1. If a certain number, diminished by 3, equals 16, 
what is the number ? If a? — 3 = 15, what is the value of as ? 

2. If a certain number, increased by 3, equals 15, what 
is the number ? If a; + 3 = 15, what is the value of oj? 

3. In the equation a? — 3 = 15, what is done with the 3 
in obtaining the value of aj? In the equation a? = 15 + 3, 
how does the sign of 3 compare with its sign in the original 
equation ? 

4. In the equation aj + 3 = 15, what is done with the 3 
in obtaining the value of a?? In a? = 15 — 3, how does the 
sign of 3 compare with its sign in the original equation? 

5. In changing the 3's from one side, or member, of the 
equation to the other, what change was made in the sign ? 

6. When a number or quantity is changed from one 
member of an equation to the other, what change must be 
made in its sign ? 

7. If any number, as 5, is added to one member of the 
equation 2 + 3 = 5, what must be done to the other member 
to preserve the equality ? 

8. If any number, as 3, is subtracted from oue member 
of the equation 2 + 3 = 5, what must be done to the other 
member to preserve the equality ? 

9. If one member of the equation 2 + 3 = 5 is multiplied 
by any number, as 4, what must be done to the other mem- 
ber to preserve the equality ? 

10. If one member of the equation 2 + 3 = 5 is divided 
by any number, as 5, what must be done to the other 
member to preserve the equality ? 
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11. If one member of the equation 5 + 3 =s 8 is raised to 
any power, as the second power, what must be done to the 
other member to preserve the equality ? 

12. What, then, may be done to the members of an equa- 
tion without destroying the equality ? 

44. The parts on each side of the sign of equality are 
called the Members of an Equation. 

45. The part of an equation on the left of the sign of 
equality is called the First Member. 

46. The part of an equation on the right of the sign of 
equality is called the Second Member. 

47. The process of changing a term from one member 
of an equation to another is called Transposition. 

48. A truth that does not need demonstration is called an 
Axiom. 

Axioms. 1. Things that are equal to th^ same thing are 
equal to each other. 

2. Ifequcda are added to equals, the sums are eqwd, 

3. If equals are s^ibtracted from, equals, the remainders are 
equal, 

4. If equals are multiplied by equals, the products are 
equal, 

5. If equals are divided by equals, the quotients are 
equal, 

6. Equal powers of equal quantities are equal. 

49. Principle. A term may be transposed from one mem- 
ber of an equation to the other if its sign is changed from -H to 
— , or from — to +. 
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EQUATIONS AND PROBLEMS, 
50. 1. Given 2x — S=x-\-6, to find the value of x. 
PBOGESS. Explanation. Since the known and the un- 



2aj-3 = a? + 6 



2x =a? + 9 

X =zX 



known quantities are found in both members of 
the equation, to find the value of a?, the known 
+ 3 = +3 quantities must be collected in one member and 
the unknown in the other. 

Since — 3 is found in the first member, it may 
be caused to disappear by adding 3 to both mem- 

X ==9 ^™ ^^^' ^^ * ^^^^^ ^^®8 **^® equation, 2 a;=a;+9. 

Since x is found in the second member, it may 

be caused to disappear by subtracting x from 

^^' both members (Ax. 3), which gives as a result- 

2x—'3s=x + 6 ing equation, a; = 9. 

2x^x = 64-3 ^^' since a term may be changed from one 

^ member of an equation to the other by changing 

*"• " its sign (Prin.), — 3 may be transposed to the 

second member by changing it to +3, and x 
YEBIFICATION. ™^3^ ^ transposed to the first member by 
' changing it to — x. Then, the resulting equa- 
ls— 3=9+6 tionwillbe 2x-a; = 6 + 3. 
15 = 15 By uniting the terms, as = 9. 

The result may be verified by substituting the value of a; for a; in 
the original equation. 

If both members are then identical, the value of the unknown 
quantity is correct. Thus, if 9 is substituted for x in the original 
equation, the equation becomes 18 — 3 = 9 + 6, or 15 = 15. 

Therefore, 9 is the correct value of x. 

Rule. Tran^ose the terms so that the unknotmi terms 
stand in the first member of the equation, and the known 
terms in the second. 

Unite similar terms, and divide each member of the equation 
by the coefficient of the unknown quantity. 

Verification. Substitute the value of the unknown, 
quantity for the quantity in the original equation. If both 
members are then identical in value, the value of the unknown 
quantity found is correct. 
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Transpose, and find the value of x: 

2. a; + 4 = 10. 30. 3a-20 + a? = 44-4a. 

3. a;-3 = 4. 31. 5 + 8a?-7 = 3a? + 3. 

4. 2x-\-l=5. 32. 9aj-15 = 6 + 7a; + 3. 
6. 6a?-6 = 12. 33. 9a? + 5- 15 = 5a; + 2a?. 

6. 4aj + 3 = 16. 84. 8a:^10 = 10 + 2a: + 4. 

7. 8a? — 2 = 14 86. 4a?— 6a?-6=6+3— 3a?. 

8. 3a?+5 = 26. 36. a?-5= 18-4a?-3. 

9. 9a? — 5 = 31. 87. 3a? + 6a?= 18 — a? + 2. 

10. 5a? + 2 = 10 + 7. 88. 3a?- 6 = a? + 14 -4. 

11. 7a?-l = 30+4. 89. 9a?+ 13= 26 + 2a? + 1. 

12. 2a?-10 = 3 + 5. 40. 4a? + 4- 3a? = 16-2a?. 

13. 4a?-2a? = 3 + 7. 41. 27 a? - 14 = 190 - 41 a?, 

14. .6a? — 3 = 2a? + 9. 42. 6a?- 12= 4a? + 18. 
16. 6a? - 15+2=2 —3a?+l. 43. 5a?- 16 = 3a? + 9. 

16. 6a?-2a? + 4 = 16-8. 44. 18a? + 9 = 15a? + 30. 

17. 7a?-3 = 2a?-4 + ll. 46. 7a?-3+2a?=5a?+20+l 

18. 9a?-10 = 2a? + 4. 46. 6 a?- 21 = a? + 14- 2a?. 

19. 6a?+25 = 88-a?. 47. 9a? + 3-24 = 5a?-6. 

20. 3a?-4 = 12-4 48. 10a?-4 + 3= 6a? + 19. 

21. 5a?-6 = 67-3a?. 49. 3 a?- 15 -10 = 20 -2a?. 

22. 10a? -20 =24 -12 a?. 60. 5a?-6-20 + 6a? = 41. 

23. 3a?-14 = 10-a?. 61. 2a?- 25 = 35-a?-3a?. 

24. 2 a? -16 = 20 -4 a?. 62. 3a?-19=20 -10a?+13. 
26. 15a? — 39 = 29 — 2a?. 63. 5a?— 16=25— a?+40— 3a?. 

26. 3 a? — 18 = 31 -4 a?. 64. 6a? - 5-30 =10-4a?-5a?. 

27. 4a? -14 = 49 -3a?. 66. 7a?- 30 = 10 + 16 -7 a?. 

28. 5a?- 20 = 25 -4a?. 66. 5a? -50 = 25 -5a? +25. 

29. 2a?-36 = 60-6a?. 67. 10a? -22 = 17 -2a? -a?. 



Digitized by 



Google 



SUBTRACTION. 45 

PBOBI^EMS. 

61. 1. Twice a certain number increased by 16 is equal 
to the number increased by 19. What is the number ? 

2. What number is that whose double exceeds the num- 
ber by 12 ? 

8. Ten times a certain number diminished by 13 is 
equal to the number plus 5. What is the number ? 

4. What number diminished by 8 equals 6? 

6. Six times a certain number plus 7 equals five times 
the number plus 12. What is the number ? 

6. Three boys together had 90 cents. The first had 10 
cents more tha!n the second, and the second had 1 cent 
more than the third. How much had each ? 

7. A father gave a certain sum to his youngest son, and 
4 cents more to the next older, and 10 cents to the oldest. 
If he gate to all 20 cents, how much did he give to each ? 

8. The greater of two numbers exceeds the less by 14, 
and the sum of the numbers is 34 What are the numbers ? 

9. A and B started in business, A furnishing $4000 
more than B. Three times B's capital was then equal to 
A's. How much did each furnish ? 

10. A and B had the same sum of money. A gave B $4, ( 
and then B had double the amount A had left. How much 
had each at first ? 

11. A tourist rode 32 miles upon a bicycle. A certain 
number of miles was down hill, twice as far plus 8 miles 
was level, and the distance up hill was ^ as far as the dis- 
tance on a level. How many miles did he travel upon 
each kind of road ? 
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12. A man has two horses, of unequal value, together 
worth 9200. If he should put a saddle worth 9 30 on the 
poorer horse^ the horse and saddle would together be equal 
in value to the better horse ? What is the value of each ? 

18. Six hundred gallons of water are discharged into a 
cistern by 3 pipes. The second discharges 100 gallons 
more than the first, and the third discharges three times as 
much as the first. How many gallons are discharged by each 
pipe? 

14. A drover being asked the number of his cattle said 
that if he had three times as many as he then had and 25 
more^ he would have 1000. How many cattle had he ? 

15. A man bought a watch and chain for $60. The 
watch cost 12 times as much as the chain lacking $5. 
What was the cost of each ? 

16. A tenement house contained 90 persons, men, women, 
and children. If there were 4 more men than women, and 
10 more children than men and women together, how many 
were there of each ? 

17. A steamer and its cargo are together worth $ 120,000. 
If the steamer lacks only $ 8400 of being worth twice as 
much as the cargo, what is the value of each ? 

18. A clerk's expenses are $400 per year, and his 
brother's are $600 per year. If the brother has three 
times as large an annual salary and he has left at the end of 
the year a sum equal to twice his brother's salary, what is 
the salary of each ? 

19. If a house and lot cost four times as much as the lot, 
and the house cost $ 2500 more than twice as much as the 
lot, what was the cost of each ? 
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52. 1. What is the sum of 5m + 5m + Bm? Or,how 
much is 3 times 5m? 8 times 5m? 

2. What is the sum of Sxy+Sosy + Socy + Sxy? Or, 
how much is 4 times Sxy? 10 times Sxy? 

8. How much is 6 times 7 6c ? Which quantity is the 
multiplier ? Which is the multiplicand ? What sign has 
the multiplier ? What sign has the multiplicand ? What 
sign has the product ? 

4. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

5. If a vessel sails south 8 miles per hour, indicated by 
— 8 mi., how far will she sail in 6 hours ? What will be 
the sign of the product ? 

6. How much is 4 times — 5ajy? 6 times —6 aft? 
7 times — 8cd? What is the sign of the multiplier in 
each case ? What is the sign of the multiplicand ? What 
is the sign of the product ? — 4a6x8=? 

7. When a negative quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

8. How does the product of 6 times 7 compare with 
the product of 7 times 6 ? What effect upon the product 
has it to change the order of the factors, when the numbers 
or quantities are abstract ? 

47 
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9. How, then, will the product of — 3 a multiplied by 
+ 4 compare with the product of + 4 multiplied by —3a? 
What is the product? --^xyx^^:? 6x — 5aj^=? 
-7tt6x4 = ? 4x-7a6=:? 

10. When a positive quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

11. How much is 6 times — 3 a ? 2 times —3a? (6 — 2) 
times —3a, or 6 times —3a, —2 times —3a? 

12. Since 2 times —3 a, or —6 a, must be subtracted 
from — 18 a to obtain the correct product, what will be the 
sign of — 6 a after it is subtracted ? 

13. Since — 2 times — 3 a gives a product of + 6 a, what 
may be inferred regarding the sign of the product when a 
negative quantity is multiplied by a negative quantity ? 

14. What is an exponent ? What does it show ? What 
does a* mean? When a* is multiplied by a^, how many 
times is a used as a factor to obtain the product ? How 
many times, when a* is multiplied by a* ? 

16. How, then, may the number of times a quantity is 
used as a factor in multiplication be determined from the 
exponents of the quantities in the expressions multiplied ? 
How may the exponent of a quantity in the product be 
determined ? 

16. 3a*x6=? 10a«x5 = ? 20a«x3=? 25a^yx2 = ? 
How is the coefficient of the product determined from the 
coefficients of the factors, or from the multiplier and the 
multiplicand ? 

63. Multiplication is indicated in four ways : 

1. By the sign x , read multiplied by or times. 
Thus, axb shows that a is to be multiplied by b. 
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2. By the dot (•), read multiplied by or times. 
Thus, a - b shows that a is to be multiplied by b. 

3. By writing letters^ or a number and a letter side by 

side. 

Thus, ab shows that a is to be multiplied by b ; and 5 a shows that 
a is to be multiplied by 6. 

4. By a small figure or letter, called an Exponent, written 

a little above and at the right of a quantity^ showing the 

number of times the quantity is to be used as a factor. 

Thus, a^ shows that a is to be used as a factor 5 times, or that it is 
equal toaxaxaxaxaor aaaaa, 

54. Pbinciples. 1. The sign of any term of the product 
18 -f when its factors have like signs, and — when they hhve 
UNLIKE signs. 

2. The coefficient of a quantity in the product is equal to 
the product of the coefficients of its favors. 

8. The exponent of a quantity in the pwduct is equal to the 
sum of its exponents in the factors. 

55. To multiply when the multiplier is a monomial. 

1. What is the product of 5 oi^yz multiplied by 3 abx ? 

PROCESS. ^ 

Explanation. The coefficient of the product is ob- 
57?yz tained by multiplying 6 by 3 (Prin. 2). The literal 

^abx quantities are multiplied by adding their exponents 

;; — (Prin. 3). Hence, the product is IbabT^z. 

16 abxryz 

2. What is the product of 3 6— c multiplied by 5 c*? 

PROCESS. Explanation. The product of 3 & multiplied by 

nj^ 6c^ is 15 5c^. But, since the entire multipli- 

^ cand is 3 6 — c, the product of c multiplied by 6 c* 

5 c* must be subtracted from 16 6c*. The product 

15 5c2 — 5 (jS of c multiplied by 6 c* is 6c«, which subtracted 

from 16 &c* gives the entire product 16 &c* —60*. * 
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Rule. Multiply ench term of the multiplicand by the 
multiplier^ as follows : 

To the product of the numerical coefficients, annex each 
literal factor with an exponent equal to the sum of the expo- 
nents of that letter in both factors. 

Write the sign + before each term of the prodvM when its 
factors have like signs, and — when they have unlike signs. 

3. 4. 6. 6. 7. 8. 9. 10. 

Multiply 10 10 a --Qa 22 a? 18 -146 17 c 24 a 
By 4-4 3 -5 6aj 3 3c —9a 

11. 12. 13. 14. 15. 

Multiply 5a?yz -15xy^ ISc'dz -42mV -25a% 
By 2a^yz — Sxy^ — 4:dz — 3mn 5al^ 





16. 


17. 




18. 




19. 




Multiply 


(a + 6) 


4(3!- 


■y) 


3x + 2y- 


-Rz 


23?y- 


■2yh 


By 


4 


-5 






2a 




3x 



Multiply : 

20. Sa^x-5i)^y + 2y^hj '-4:xy. 

21. a«-h2a6 + 6*by a6. 

22. 6m + 7 mw + 5n^ by —3mn. 

23. aj*-2aj3 + 5a^ + aj-3by9a?. 

24. 9a2-13a6 + 46*-6byl2aW. 

25. aj* — 3aj^ — 3a;2 + yVby 2aaj. 

26. 4a6 + 3a%-5a6«-2a*by36«. 

27. 3m*— 10 mn — 8 n* by 4 mn. 

28. i»* + aj8 + aj2 + aj + lby -6aj. 

29. 6a«-18a6 + 16c«-20a6c + 14by3aV. 
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56. To multiply when the mttltipUer is a polynomiaL 

1. Multiply a -}- 6 by a + 6. 

Solution. a + b 

a + 6 
a times a + 6 = a-* + a6 
b times a + 6 = a6 + 6* 



(a + 6) times (a + b)=a^ + 2a& + 6* 

BuLE. MuUiply each teimi of the multiplicand by codk 
term of the multiplier, and add th£ partial products. 



2. 

2a6-3c 
4a& + c 


3. 


S a^b'i- 12 abc 

2a&c-3d« 




8a262-10a6c-3d« 


«* - 4x8y + 6a;V - 4xy» + y* 



Multiply : 

4. x + yhj x + y. 17. 6m — 4n by 4m4- 6y. 

6. m + nbym — n. 18. x + 2yhy x + 5y 

6. a«+2a6 + 6«bya + 5. 19. 1+ a + aj* by 1 - a?. 

7. 2a-55by2a + 56. 20. a + y + lby a?-2/ — 1. 

8. aj + 4bya? — 10. 21. 2a? + 4y by 3aj — 2y. 

9. Sy + 2zhy2y + Sz. 22. a + 6 — 2c by 2a- 6. 

10. 3aH-76by 8a-76. 23. 4a? + 7 by 3a? — 2. 

11. 2aj+lby 3aj — 6. 24. 3 am + 6c by 8ac + A 

12. 2a — 36 by 3a + 55. 26. Sajy-G^/ by 4ajy + 8y. 

13. 3m + 4nby 2m + 3w. 26. x + y — zhyx + y. 

14. 5y — 3«by 42/ — 42. 27. a — b — chya—c. 

15. 26 — 6c by 36+8c. 28. 2a + a? — y by a — a?. 

16. 3aj-20by 8x + 4. 29. 2aj + 3y -6 by a? + 6y. 
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80. 3a» + 23^by 8a» — 4y*. 

81. m + n + lhj m^n + 1. 
32. 5a? + 4 by 5a?— 9. 

83. 3a^-42^by3aj'-7y*. 

84. a^+Sa^b + Sab^ + l/^hy a + b. 
86. 4:a?^12xy + 9y^hj2x-'3y. 

86. m* + m^ + mV + mn* + n* by m — ». 

PROBLEMS. 

57. 1. If from three times a number 4 is subtracted and 
the remainder is multiplied by 6, the result is 12. What 
is the number? 

2. If from two times a number 4 is subtracted and the 
remainder is multiplied by 3, the result equals two times 
the sum of that number and 2. What is the number? 

3. A father is four times as old as his son, and 5 years 
ago he was seven times as old as his son. What is the age 
of each? 

4. Samuel and John together have 40 cents. If John 
had 5 cents less, and Samuel 5 cents more, Samuel would 
have three times as much money as John. How many cents 
has each ? 

5. A commenced business with three times as much 
capital as B. During the first year A lost \ of his money, 
and B gained $500. The amount of A's and B's money 
was then equal. How much had each at first? 

6. A is 50 years of age ; B is 10. When will A be three 
times as old as B ? 

7. Six men hired a boat, but 2 of them being unable to 
pay their share, the other 4 were obliged to pay 1 dollar 
more each. For how much did they hire the boat? 
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8. Three times the difference between a certain number 
and 10 equals two times the sum of the number and 10. 
What is thQ number ? 

9. Express the product of the factors 2, x, y, z, a?, y,Az. 
^ 10. What will d quarts of milk cost at /cents per quart? 

11. How far will a man travel in a hours if he goes 
b+ 6 miles per hour? 

12. A farmer has a cows and three times as many sheep 
less 8. How many animals does he own ? 

13. A man sold 20 acres of land at a dollars per acre. 
With a part of the money he 'bought 3 horses at d dollars 
eacL How much money had he left ? 

14. If a men can do some work in 12 days, how long will 
it take one man to do the same work ? 

16. A starts in business with b dollars; B starts with 
dollars. In one year A gains as much more, while B 
gains ^ as much more. How much has each at the end of 
the year ? 

16. What will 10 bushels of potatoes cost at 2 m cents 
per bushel ? 

17. A man earns $ 2 per day and pays $ a per week for 
his board. How much money will he have at the end of 
6 weeks? 

18. An engine pumps 150 gallons of water into a tank 
each day ; 10 c gallons are drawn off each day. How much 
water will remain in the tank at the end of 4 days ? 

19. The daily wages of a mechanic are a dollars. How 
much will the wages of 10 mechanics for c days be ? 
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SPECIAL GASES IN MULTIPLICATION. 
58. The square of the raiii of two quantities. 



a + b 
a + b 


HI + n 
i» + n 


db + V 




a^ + 2ab + V 


m*+2mw + n« 



1. How is the first term of the second power, or square, 
of the quantities obtained from the quantities? How is 
the second term obtained ? The third term ? 

2. What signs have the terms ? 

59. Principle. TJie square of the sum of two quantities 
%s equal to the square of the first quantity, plus twice the pro- 
duct of the first and second, plus the square of the second. 

Write out the products or powers of the following : 

1- (« + y)(a? + 3/). 13. Square 2 a? H- 6. 

2. (6 4c)(6 + c). 14. Square 3m + 1. 

3. (m-\'2){m'{'2). 16. Square2a + 56. 

4. (a +«)(aH-aj). 16. Square a' + 6*. 
6. (a? + 3)(a? + 3). 17. Square aj» -f 3. 

6. (y + l)(y + l). 18. Square 2 m« + 3 nl 

7. (2aj + y)(2aj + y). 19. Square a6 + 2c. 

8. (m + 2»i)(m 4-2n). 20. Square 2 ojy + «. 

9. (3a + 6)(3a + &). 21. Square y* + 4 «■. 

10. (2a? + 3y)(2a? + 3y). 22. Square aj« + 8. 

11. (a + 46)(a + 46). 23. Square 5a + 76. 

12. (2ni+2n)(2w+2n). 24. Square 4 a* +3 fcs. 
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80. The square of the difference of the two quantities. 



aj- y 
«- y 


e- d 
c- d 


a?— xy 
- xy + i^ 

a?-2xy + y* 


c»- cd 
— cd+cP 

c'-2cd + cP 



1. How is the first term of the second power obtained 
from the terms of the quantity squared ? How is the second 
term obtained ? The third term ? 

2. What signs connect the terms of the power ? 



61. Principle. The square of the difference of two quan- 
tities is equal to the square of the first quantity, minus twice 
the product of the first and second^ plus the square of the 
second. 

Write out the products or powers of the following : 

1. {a'~x){a-'X). 13. Square 2a — 35. 

2. (6 — c)(6 — c). 14. Square m — 2 n. 

3. {m—n){m'~n). 16. Square 2 6 — 4 d 

4. (aj — 2)(a?-2). 18. Square a* -2 51 
6. (y — 2) (y — «) . 17. Square hc^xy. 

6. (a — 35)(a — 35). 18. Square 2 a? — 5 y*. 

7. (5-2c)(5-2c). 19. Square2a-c. 

8. (2aj-2y)(2aj-2y). 20. Square Sm^ — l. 

9. (5 — 5) (5 -5). 21. Square 3 mn — 4. 

10. (y — l)(y-l). 22. Square 3^ — 6. 

11. (a5-2)(a5-2). 23. Square 4 aj* - 6 y*. 

12. (a? -4) (a? -4). 24. Square a5 - 2 c*. 
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62. The product of the sum and difference of two quantities. 

05 — y c + d 

X + y c — d 

Q?^xy (? + cd 

1. How are the terms of the product of the sum and 
diiference of two quantities obtained from the quantities ? 

2. What sign connects the terms ? 

63. Principle. The product of the sum and difference 
of two quantities is equal to the difference of their sqitares. 

Write the products of the following : 



1. 


(a + 6) (a -6). 


13. 


(6 + 2c)(6-.2c). 


2. 


(m + n){m-'n). 


14. 


(Sx + Sy)(Sx'^Sy). 


8. 


{a + x)(a-'X). 


16. 


(a? + 10) (a? -10). 


4. 


(2a + 6)(2a-5). 


16. 


{bc + ef){bc^ef). 


5. 


(2x + y)(2x^y). 


17. 


(S7^+2y'){3a?-^2f). 


6. 


(a + 4) (a -4). 


18. 


(5a + 3aj)(5a-3a;). 


7. 


(2m+3n)(2m-3n). 


19. 


(a' + b'){a'-b'). 


8. 


(y + l)(y^l). 


20. 


(mn + 4)(mn — 4). 


9. 


(a. + 5)(x-5). 


21. 


(x + e){x-6).. 


10. 


(2 + y)(2^yy 


22. 


(4y + 7«)(42/-7^). 


11. 


(ab + Sc)(ab-3c). 


23. 


(3a? + 4.v)(3aj-4y> 


12. 


(2m+2w)(2m-2n). 


24. 


(2a^+5c)(2a5-6c). 
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64. The product of two binomials. 



X +S 


X +3 


a-3 


X +5 


X --5 


X —5 


a^ + 3x 


a^ + Sx 


a* — 3a? 


5x+15 


-5a?-15 


-5a? + 15 


a^ + Sx + 15 


a^^2x^l5 


aj8-.8a? + 15 



1. How is the first term of each product obtained from 
the factors ? 

2. How is the second term of the product in the first 
example obtained from the factors? The second term in the 
second example? The second term in the third example? 

3. How is the third term of the product in each example 
obtained from the factors ? 

4. How are the signs determined which connect the 
terms ? 

65. Principle. The product of two binomial quantities 
having a common term is equal to the square of the common 
term, the algebraic sum of the other two multiplied by the 
common term, and the algebraic product of the unlike terms. 

Write the products of the following : 

1. (a? + 3) (a; + 4). 8. (a?-4)(aj + 8). 

2. {x^l){x + 5). 9. (x + 9){x + 3). 

3. (a; -2) (a; -3). 10. (a? - 12) (a? + 6) . 

4. (aj-f-6)(a;-7). 11. (a? -5) (a? -7). 
6. (a? + 5) (a; + 10). 12. (aj-f- 14)(a;-4). 

6. (a? -13) (a? + 3) 13. (x-l){x + S). 

7. (aj + 20)(a? + 5). 14. (a? -5) (a? -4). 
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15. (a? + ll)(aj-2). 20. (a? + 9) (a? +12), 

16. (a; -25) (a? -4). 21. (a? - 10) (a? + 12). 

17. (aj + 5)(aj + 15). ^ 22. (a? — 2y)(aj + 4y). 

18. (a? -6) (a? -3). 23. (a? -a) (a? -7a). 

19. (a? + 6) (a? - 3). 24. (aj + 6y)(aj + 10y). 

SIMULTANEOUS EQUATIONS. 

66. 1. If the sum of two numbers is 8, what are the 
numbers ? How many answers may be given to the ques* 
tion? 

2. Let X and y stand for the two numbers ; then, in the 
equation a? 4- y = 8, how many values has x ? How many 
has y? How many values has each unknown quantity in 
such an equation ? 

3. In the equation x + y=s20, what is the value of y, if 
x=zS? Ifaj = 6? Ifa?=:4? Ifaj = 12? Ifaj = 10? 

4. If the equations x + y = 6 and aj — ^ = 2 are added 
together (Ax. 2), what is the resulting equation? What 
is the value of a; in these equations ? Of 2^ ? 

67. Equations in which the same unknown quantity has 
the same value are called Simultaneous Equations. 

68. The process of deducing from simultaneous equations 
other equations containing a less number of unknown quan- 
tities than is found in the given equations, is called Elimina- 
tion. 

69. Elimination by addition or subtraction. 

1. If the equations aj + 3 y = 9 and a? — 3y = 3 are added, 
what is the resulting equation ? What quantity is elimi- 
nated by the addition ? 
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2. How may the equations 2 a; — 4 ^ = 4 and x + ^y = S 
be combined so as to eliminate y ? 

3. How may the equations 3 a; + 4 y = 18 and 3 a + y = 9 
be combined so as to eliminate x? 

4. When may a quantity be eliminated by addition? 
When by subtraction ? 

5. li x + 3y = 5 and 2x + 3y = 7, how may the value 
of X be found ? 

6. If 3a; — 2^ s=5 and 2x+y =s 5^ how may the value of 
X be found ? 

70. Pbinciple. Quantities may be eliminated by addition 
or stibtraction when they have the same coefflcienis. 

71. 1. Find the value of x and y in the equations x + 3y 

Explanation. Since the quantities 
have not the same coefficients, we must 
multiply the equations by such numbers 
as will make the coefficients alike. If 
we wish to eliminate y, we must multiply 
(1) by 4 and (2) by 8 (Ax. 4). We may 
now elimmate y from equations (3) and 
(4) by addition. From the resulting 
equation, 10x=:50, the value of x is 
obtained by dividing each member by 10, 
the coefficient of x. 

By substituting the value of x in equa- 
tion (1), equation (7) isobtamed, and the 
value of y is found to be 2. 

EuLB. If necessary f multiply one or both equations by such 
a quantity as will cause one unknown quantity to have the same 
coefficient in each equation. 

When the signs of the equal coefficients are alike^ subtract 
one equation from another; when the signs are unl^e, add the 
equations. 



= 11 and 2x- 4 

a!+3y = ll 
2aj-4y = 2 


y = 2. 

(1) 
(2) 


4a! + 12y = 44 
6a! — 12y = 6 


(3) 
(4) 


10a; = 50 
x = 5 

B f3y = ll 
3y = 6 

y = 2 


(6) 
(6) 

(7) 
(8) 
(9) 
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Find the values of the unknown quantities in the 
following equations : 

r x+ y= 6| (5x-Sy= 4| 

"* I X- y= 2i XBx + 3y = 16i 

{ x-2y= 4i (9x + iy= 31 ^ 

12(8- y = lli t2a!-8y = - 2i 

f x + 3y=^ni (2y+ « = 26> 

(2a!-2y= 2) " (2y + 22 = 28> 

f «+ y=: 4| r2y + 32 = 23) 

•^^ i4(»- y= If "• Uy-2z= 21 

*' i2« + 2y = 20J "■ i3it+ 2 = 18) 

(2x- y= 3) 19 ( a! + 2.y = 30| 

r (r + 2y = 23| f3a,- y= 30 1 

^^ l3«+ y=34i I a!-3y = -30i 

r4a! + 2y = 14| j2(B + 3y = 14j 

*• X^x- y= 4) l3a! + 2y = 16; 



j4.-7, = 17j ^^ |j;''-,^ = 'U 

I a!+ y= 7) U4y-3z= 3) 

52*- 6y= 6| j6a; + 2t/=6> 

(5x-12y = 16j * Ua!+3j/ = 2; 

f «+ y = 18) f6a!-3y = 12) 

"■ l7x-2y= 9) (60!- y = 13) 

(•2aj + 6y = 62» (5x-By = 27) 

"■ i6a!-6«= 2) l3a!-2y = 16> 
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PBOBUSMfiL 

72. 1. The sum of two numbers is 10^ and their differ- 
ence is 2. What are the numbers ? 

2. The sura of two numbers is 14, and the greater plus 
two times the less is 20. What are the numbers ? 

3. A and B together have f 300. Three times B's money 
added to five times A's gives $ 1100. How much money 
has each ? 

4. The sum of the ages of a father and son is 50 years. 
The difference between the father's age and two times the 
son's is 20 years. What is the age of each ? 

6. A boy has 25 marbles in two pockets. Twice the 
number in one pocket equals three times the number in the 
other. How many marbles has he in each pocket ? 

6. A farmer paid $ 3400 for 100 acres of land. Fox 
part of it he paid $ 30 per acre, and for part of it $ 40 per 
acre. How many acres were bought at each price ? 

7. A boy spent 35 cents for oranges and pears, buying 
in all 13 oranges and pears. He paid 3 cents apiece for the 
oranges and 2. cents apiece for the pears. How many of 
each kind did he buy ? 

8. Two men start in business with $5000 capital. 
Twice the amount B furnishes taken from twice the amount 
A furnishes will leave the amount B furnishes. What 
capital does each furnish ? 

9. There are two numbers such that five times the 
first minus three times the second equals 4, and two times 
the first plus the second equals 17. What are the numbers ? 

10. A farmer sold 5 horses and 7 cows to one person 
for 9 745. To another person at the same price per head 
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he sold 3 horses and 10 cows for $650. What was the 
price per head of each ? 

11. A man and wife working for 6 days received $ 15. 
Again, the man worked for 4 days and the wife 5 dayS; and 
they received $ 11. What were the daily wages of each ? 

12. The sum of two numbers is 26. The first minus 
twice the second is 8. What are the numbers ? 

13. A purse contained $ 30 in one and two dollar bills. 
If the whole number of bills was 18^ how many bills were 
there of each kind ? 

14. A merchant sold 2 yards of velvet and 4 yards of 
broadcloth for $ 16. Again he sold 3 yards of velvet and 
6 yards of broadcloth for $ 21. What was the price of each 
per yard ? 

15. If A gives B $ 5 of his money, B will have twice as 
much money as A has left; but if B gives A $5 of his 
money, A will have three times as much as B has left. How 
much money has each ? 

16. A boy who desired to purchase some writing pads 
and some pencils found that 2 pads and 7 pencils would 
cost him 31 cents, and that 3 pads and 4 pencils would cost 
27 cents. What was the price of each ? 

17. The wages of 10 men and 8 boys per day were $28, 
and the wages of 7 men and 10 boys at the same rate were 
9 24. What were the daily wages of each ? 

18. A man received at one time $ 17 for sawing 8 cords 
of wood and splitting 10 cords, and at another time $ 13.50 
for sawing 5 cords of wood and splitting 12 cords at the 
same rates as on the former occasion. What did he receive 
per cord for the sawing and for the splitting ? 



Digitized by 



Google 



DIVISION. 



73. 1. Since +5 multiplied by +4 is +20, if +20 is 
divided by + 5, what is the sign of the quotient? 

2. What; then, is the sign of the quotient when a posi- 
tive quantity is divided by a positive quantity ? 

3. Since +6 multiplied by —4 is —20, if —20 is 
divided by + 5, what is the sign of the quotient ? 

4. What, then, is the sign of the quotient when a nega- 
tive quantity is divided by a positive quantity ? 

5. Since —6 multiplied by +4 is —20, if —20 is 
divided by — 5, what is the sign of the quotient ? 

6. What, then, is the sign of the quotient when a nega* 
tive quantity is divided by a negative quantity ? 

7. Since -5 multiplied by -4 is +20, if +20 is 
divided by — 5, what is the sign of the quotient ? 

8. What, then, is the sign of the quotient when a posi- 
tive quantity is divided by a negative quantity ? 

9. What is the sign of the quotient when the dividend 
and the divisor have like signs ? What, when they have 
unlike signs ? 

10. How many times is 6 a; contained in 12 a; ? 8 ^ in 24|^ ? 

11. How, then, is the coefficient of the quotient found? 

63 
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12. Since »* x ic* = a^, if cfi is divided by 05*, what is the 
quotient ? What, when sfi is divided by a?* ? 

13. Since a'^ xa^ = a?, what is the quotient if a? is 
divided by a'? What, if a® is divided by a* ? 

14. How, then, is the exponent of a quantity in the 
quotient found ? 

74. Division is indicated in two ways: 

1. By the sign -^, read divided by. 
Thus, a-^b shows that a is to be divided by b. 

2. By writing the dividend above the divisor with a line 
between them. 

Thus, ^ shows that a is to be divided by b. 
b 

75. Principles. 1. The sign of any term of the quotient 
is + when the dividend and divisor have like signs, and — 
when they have unlike signs, 

2. The coefficient of the quotient is equal to th£ coefficient of 
the dividend divided by that of the divisor. 

3. The exponent of any quantity in the quotient is equal to 
Us exponent in the dividend diminished by its exponent in the 
divisor. 

76. The principle relating to the signs in division may be 
illustrated as follows : 



— ax-f-6 = — a6 
+ ax — 6 = — a6 

— ax — 6 = -ha6, 



Hence 



— a6-f- — 6 = -f-a 
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77. To divide when the divisor is a monomiaL 
1. Divide l^a^s^ by — Txyz, 
PROCESS. EsPLANATioN. Siiice the dividend and divisor 



^Ixyz 



^ ^ o . have unlike signs, the sign of the quotient is • 



(Prin. 1.) 



— 2 a»^ Then 14 divided by - 7 is - 2 ; ac^ divided by 

X is X (Prin. 3) ; y divided by y is 1, which need 
not appear in the quotient ; sfl divided by ^ is «*'>. Therefore the quo- 
tient is -2xz^. 

2. Divide 4 aafi^ — 12 a*a;y — 20 cPxtfz by 2 axy. 

PBOCESS. 

2aa^ [4qa?y-12aVy' — 20a'a^ 
I 2arV — ^axy — lOay^z 

ExPLAHATiOK. When there are several terms in the dividend, each 
term must be divided separately. 

Rule. Divide each term of the dividend by the divisor as 
follows : 

Divide the coefficient of the dividend by the coefficient of the 
divisor. To this quotient annex each literal factor of that 
term of the dividend with an exponent equal to the exponent of 
thai letter in the dividend minus its exponent in the divisor. 

Write the sign -h before each term of the quotient when the 
terms of both dividend and divisor have like signs, and — 
when they have unlike signs. 

3. 4. 5. 6. 7. 8. 

Divide 10 a 16 oj -14o6 15 xy" -20a%* -18m«n 
By 5a 2x 1 ab — 3icy — 4a6 ^m 

Find the quotients in the following : 
9. 30a%aj*-«-15aa?. 11. 21aa?y^ -7 ay. 

10. -24a;y8;»-«-8«V. 12. -9a6c*-i- -3a^. 
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13. 30nW-^6n«. 18. - 55 abc^d -*- 11 abc 

14. - 12 ay-*- 12 0^. 19. 27a^2;»-j--9a^z. 

15. -20ay-f--102^. 20. - 120 m«n-f.- 15 mn. 

16. — 100 a^yz-h 25 xyz. 21. 325 o^j/V -«- 5 a:2^V. 

17. 80aJ*y2^20a;y«. 22. - 65 aj»«* -h - 13 ic***. 

Divide : 

23. a*a?y — 2 axy' by ay, 

24. 9aj*3^ + 15a?2^Vby3a?^. 
26. 14 a*6^c + 49 a^ftc by 7 a&c. 

26. — aaf — 3a»-fajVby — a»8. 

27. 4c2d-14c(P by 2cd. 

28. — 5 a^y -h 10 off ^ 15 ocf hj 5 oey. 

29. 16 mV — 12 mhi — 8 mii* by 4 mn. 

30. 15aa^-256aj*y + 35ca^«by -Sjb. 

31. 9 a^yz ^ 36 xy^s^ + 4:5 axyz^ hy 9 osyz. 

32. 42a^-14a2^28x + 35by7. 

33. - 45 a^b^'i^ - 60 a^c^ + 30 aW by - 15 a6c. 

34. 116m* + 80m«-112m2-92mby4m. 

36. 3 x^z^ --15x^^9^ + 6 x^:^ + IS afiy^zhy ^3 a?yz. 

36. 3a,'8-6ar^4-9a,'^-12aj»by3a;«. 

37. 30a?y^ + 60o^f''i5xy* + 75xhyl5x. 

38. 24 aftaj - 16 a6y + 32 a^^aj^- 8 a6 by 8 a6. 

39. —x^y — x^yz + xy*z — a^V + iyV by — xy, 

40. 50 a^yg^ + 35 a^h - 15 aaj^j^^^ - 20 bxy^s^ by 5 xyz. 

41. 2 nVt^- 3 na^2/«- 4 mnaj2/-f- 3 n^ary by naj2/. 

42. a(aj + yY - a6(a; + y)* + a^b\x + yY by a(a; 4 2^)*. 
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78. To diride when the divisor is a polynomial. 
1. Divide a«-3a%-h3a6'-i;» by a-6. 

PROCESS. 

a3 - 3 a% + 3 a62 - 63|a--6____ 

-2a26H-3a6» 
-2a^6 + 2a6« 

Explanation. The divisor is written at the right of the dividend, 
and the quotient below the divisor. The first term of the divisor is 
contained in the first term of the dividend a^ times. Therefore a"^ is 
the first term of the quotient, a^ times the divisor, a — 6, is a' — a^fe, 
and this subtracted from the partial dividend leaves a remainder of 
— 2 a''&, to which the next term of the dividend is annexed for a new 
dividen(^ 

The first term of the divisor is contained in the first term of the new 
dividend —2 ah times, consequently — 2 a6 is the second term of the 
quotient. —2 ah times the divisor, a — 6, is - 2 a^fe + 2 a6*^, and this 
subtracted from the second partial dividend leaves a remainder of ah\ 
to which the next term of the dividend is annexed for a new dividend. 

The first term of the divisor is contained in the first term of the 
new dividend 6^ times, hence h^ is the third term of the quotient. 
h^ times a — 6, is a6^ ~ 6', which subtracted from the third partial 
dividend leaves no remainder. Hence the quotient is a^ — 2 a6 + ft^. 

Rule. Write the divisor at the right of the dividend, 
arranging the terms of each axxording to the ascending or 
descending powers of one of the literal quantities. 

Divide the first term of the dividend by the first te)*m of the 
divisor, and write the result for the first term of the quotient. 

Multiply the divisor by this term of the quotient, subtract 
the product from the dividend, and to the remainder annex 
one or more terms for a new dividend. 

Divide the new dividend as before, and continue to divide 
until there is no remainder, or until the first term of the divisor 
is not contained in the first term of the dividend. 
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If there Is a remainder after the last division, write it oyer the 
divisor in the form of a fraction, and annex it with it8proi)er sign to 
the part of the quotient previously obtained. 



16«2- 8xy-12y2 


8x + 2y 


16x2+ lOxy 


6x-6^ 


-18xy-12y« 
-18xy-12f/a 

3. 

8c»-26<kl+16(P + 8|2 


c-Sd 


8c2-20cd 


4 


c 3d 1 ® 


-6cd+16<l* 
-6cd+16(P 

' +8 

4. 

d^ + ab — ac — h 


2c-6(i 


c a + 6 


— ac — bc 
"Oc — bc 

5. 

05^ — y* x — y 
ofi-x^y x^-\-xy-\-tfi 


Tfiy — xy^ 
xy2. 


-J. 



Divide: 



7. m^ — n* by m — n. 

8. ar^ + So^j^-f 3ajy*-f 2^by aj + y. 

9. aj2-3a?-18 by a?-6. 

10. aj2 + 8a; + 16by aj + 3. 

11. a2-10a5-.246*bya-h26. 
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12. «2 — 4aj-|-4by aj — 2. 

13. aj* - 49 by .r» + 7. 
vl4. a«-16bya»-4. 

15. 10a:24-14a?-12by 2ic + 4 

16. 2a^-a;2 + 3a;-9by 2a?-3. 
17.. 16a2-24a6 + 96*by4a-36. 

19. aj»-8by iCT-2. 

20. a* + a^y+ ay^ + y* by a + y. 

21. ar^-5a^-a? + 14bya^-3a?-7. 

22. ar*-86aj-140by a?-10. 

23. 6a)« + 42/^ + 6a?y2_ig^yl3y 3^_2^2_2icy. 

24. ISaj-l-lTo^by 1-a;. 

26. a^ + 4:a^ix^ + iea^hya^ + 2ax + ^a^. 

26. 27aj8 + 8/by3a?4-2y. 

27. 4a;«— yH-4a;by 2 + 2iB24.3aj. 

28. a^ — da^ — exy — fhya^ + Sx+y. 

29. 36 + aj*-13aj2by6 + ar* + 5aj. 

30. 1 — a?-3aj2 — ar'by l + 2a? + aj«. 

PROBIiBMS. 

79. 1. Express the sum of x and y divided by 2. 

2. If aj oranges are worth 10 cents, how much is one 
orange worth ? 

3. How many apples at 2 cents apiece, can be bought for 
m cents ? 

4. Express the quotient of b divided by a. 

5. If 5 bananas cost c cents, what will 2 bananas cost ? 
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6. How many days will it take a man to earn $ 15, if he 
receives a dollars a day ? 

7. A farmer has a cows, ■}- as many horses, and three 
times as many sheep as horses. How many animals has he 
altogether ? 

8. Henry and James together had d marbles; Henry 
had c times as many as James. What represents the num- 
ber that each had ? 

9. What is the cost per barrel, if b barrels of flour cost 
the sum of m and n dollars ? 

10. A, B, and C start in business. A furnishes 2 a 
dollars, which is c times as much as B furnishes; and C 
furnishes b times as much as 6. How much do B and 
furnish? 

11. A grocer mixed together equal quantities of three 
kinds of coffee, worth a cents, b cents, and c cents per 
pound. What is the cost of one pound of the mixture ? 

GENERAL REVIEW EXERCISES. 

80. 1. Add 6{x + y) + 3z^S, 2{x + y)-^2z + 4:, Sz 
-Six + y). 

2. Add a«+6«+4a6, 6a«-56«-5a6, -3a«+262-4a6. 

3. Add ^x + y-\-z, x + y + ^z, ^x-\-y + ^z. 

4. Add 2a^— 5a?.v"4-6, 3a;2^-+42/"— 5af, Cx™— 10+7aJ^/^ 

6. Add |(m-n) + i(m + n), |(m-n)-^(m + n), 
|(m-n)-|(m-f n). 

6. From 9aj-f 9a* — 3af* subtract 2a? — 2a:*— 12 aj*. 

7. From fa — J6-f Jc subtract ^a+|6 — |c. 

8. From Sx^y — 7a:y + ISafa?" subtract 2ay — 3af"2/ 
+ 5ixrz\ 
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9. From S{x+yy^2z^-^S subtract 22«-aj*+4(aj+y)*. 

10. From Sa^-2a^x-7 subtract 7 -^-Sa^-a^x + ^m. 

11. Multiply m*--m'^ + m^ — m + l by m-f 1. 

12. Multiply a-^-b + c + e bya + ft + c + e. 

13. Multiply ic*4-2aj8y-f 4ar^2^+8a;/-f 16y* by a-2y. 

14. Find the product of aj — 10, a? + 4, and x + 6, 

15. Find the product of a — 6, a + &, and a' — 6*. 

16. Find the product of 2a— 5, 2a ^5, 2a — 5, and 
2a H- 5. 

17. Divide 4a*-5aV4-6* by 2a'-3a6 + 6*. 

18. Divide a* + 1 by a-f 1. 

19. Divide m^^c^ + 2cz — s^ by m + C'-z. 

20. Divide 1 — a: — 3a^— ar^ by H-2a?H-aj*, 

21. Divide 6a^ — 96 by 3a; — 6. 
Find the value of x in the following: 

22. 10a;-3aj + 4 = .'c4-10-2aJ4-8 + a?. 

23. 6aj-Tl3-9a:4-« = 4a?— 124-3aj-6a?— la 

24. 5(a; + l) + 6(a?-f 2)=6(a? + 7). 
26. 3(a; + l) + 4(aj-f 2) = 6(a? + 3). 

26. ^a?-44-f«=164-i«-10. 

27. a;(a? + 5)-6 = aj(aj-l)-f 12. 

28. 3(2-a;)-2(aj4-3)=6-2a;. 

29. aj-(2-f 4a;)=13-5(aj + 5). 

30. 2(3a?-2)-5(a?-l)=5-a?. 

31. A man whose annual income is c dollars owes a + 5 
dollars. In how many years can he pay his debts, if his 
annual expenses are d dollars ? 
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32. A man being asked how much money he had, replied 
that 925 more than three times what he had would equal 
9 776. How much money had he ? 

33. A man drove 155 miles in three days. On the second 
day he drove 15 miles farther than on the first, and on the 
third day he drove 20 miles farther than on the first. How 
far did he drive each day ? 

34. A and B start from two towns 231 miles apart and 
travel toward each other. A goes 15 miles per day, and B 
goes 18 miles per day. In how many days will they meet ? 

35. A man worked 20 days during a certain month. A 
part of the time he received $ 1 per day, and part of the 
time $1^ per day. If he received $25 for his wages, how 
many days did he work at $ 1, how many at $ 1^ per day ? 

36. David and his father earned $100 during a certain 
month. David earned $10 more than ^ as much as his 
father. How much did each earn ? 

37. A man who p^id ^ of his wages for board found that 
in 24 days he saved $ 27. If his other expenses during that 
time were $ 5, what were his daily wages ? 

38. A man bought an overcoat, a suit of clothes, and a 
pair of boots for $ 49. If the overcoat cost $ 4 less than 
the suit of clothes, and $ 15 more than the boots, what was 
the cost of each ? 

39. A house and two lots cost $4000. If one lot cost 
$250, and the other \ as much as the house, how much did, 
the other lot cost ? 

40. A fruit grower realized $35 from the sale of three 
varieties of apples, receiving for them, respectively, 60 
cents, 90 cents, and $ 1 a bushel. If he sold the same num- 
ber of bushels of each of the three kinds, how many bushels 
of each did he sell ? 
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81. The quantities which, when multiplied together, pro- 
duce a quantity, are called Factors of the quantity. 

Thus, a, 6, and (x + y) are the factors of a6(x + y). 
a, 6, and (x + y) are called the pnme factors of a6(x + y), because 
they have no factors besides themselyes and 1. 

82. A factor of a quantity is an Exact Divisor of it. 

83. The process of separating a quantity into its factors 
is called Factoring. 

84. To factor a polynomial when all_the terms have a com- 
mon factor. 

1. What are the factors of 4 a^m — 6 am?x + 10 a%V ? 

PROCESS. 



2 am 



4 a^m — 6 am^x -f 10 a^mV 



2 a — 3 mo? + 5 amaj* 



Explanation. By examining the terms of a polynomial, we find 
that 2 am is the highest factor common to all the terms. Dividing by 
2 am, we obtain the other factor. Hence, the two factors are 2 am 
and 2 a — 3 wa + 6 amx^. 

The same result may be secured by separating the terms of the 
polynomial into their prime factors and then selecting the common 
factors, 

EuLE. Divide the polynomial by the highest factor or divisor 
common to all the terms. The divisor and quotient will he the 
factors sought. 

78 
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Find the factors of the following polynomials: 

2. 18ic2-27a:y. 12. 20 m^ - 50 m^ -f 30 m*. 

3. loix^f-{'20x*y. 13. a^ -f 9 «-/ + 27 ic^y^. 

4. 12 mV- 48 mn^ 14. 5 am^ + 10 mn + 15 mnl 
6. 5a6c-5ac2^i5^2>2^ 15^ ^5 a^yh + 60 a^yz\ 

6. 6iB2 4-4a;y-8ar^. 16. S9 x'y* - 65 a?y -{- 91 7?y\ 

7. 9arV2_6a,22^_^i2ar^?/«. 17. 32 a^ft* + 96 a«6« - 8 a«6^. 

8. 6a*5 + 21 a-6 — 18 a'6l 18. 25 a» 4- 75 am^ - 15 anl 

9. 3a^b^ahc — abd, 19. loax^ — Zoxhf — bbho^. 

10. 6a^6* + 36a^62_ 42^353. 20. 45^^V + 60icV-30aj*«. 

11. 15a26^+20aW-25a«62 21. 72aV-36aV-108ay. 

85. To factor a polynomial when some of the terms have a 
common factor. ^ 

1. Factor 3ar?/+ 3ar2 + ay + a2;. 
Solution. ^ xy -{■ Z xz -\- ay -\- az 

:^(3a + a)(y + «) 

Factor the following : 

2. oa? + ^2/ + ^» + <»2^. 10. 2a^ — a'4-4a— 2. 

3. a?/4-25 + 3a-f 6. 11. aaj - aft - 6a: + 61 

4. 9 4-3a; + 3y4-a?3/. 12. a? -{- x^ + ax -{- a, 

6. ax-\-ay-'hx^ by. 13. aa;- + a^- — bx^ — by\ 

6. a;2/4-6-6a:y-G6. 14. l-f-a^-a^-a^ 

7. 2^-2/- + y-l. 15. l-a:-ar^ + ic». 

8. x^-\-xhj — xy' — y^. 16. ary — xh — xy^ -\- xyz, 

9. a^y^'^bx'-by-'b^ 17. a + a^/ + a^/' + «/• 
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86. To separate a trinomial into two equal factora 

(m -f n) (m -f- n) =rm* -h 2mn + n\ 
(m — n) (m — «) f= m^ — 2mn + nl 

1. What is the product of (m + n) (m + ?i) ? What, 
then, are the factors of 711^-^27^1-^11^? How are the 
terms of the factors found from the trinomial ? 

2. What is the product of (m — w) (m — n) ? What, 
then, are the factors of m^ — 2win + n^? How are the 
terms of the factors found from the trinomial ? 

3. What term of the trinomial determines the sign which 
connects the terms of the binomial factors ? 

87. One of the two equal factors of a quantity is called 
its square root. 

EuLE. Find the square roots of the terms that are squares 

and connect these roots by the sign of the other term. Tlie 

result will be one of the equal factors. 

The other term must always be twice the prodact of the square 
roots of the terms that are squares. 

Find the equal factors of the following trinomials : 



1. 


if2+2a;y + 2^^ 


9. 


4.7?^%xy + 4.f. 


2. 


a:2-l-4aj + l 


10. 


a?2-10aj + 26. 


3. 


4a2-4a6 + 6\ 


11. 


H_22; + 2«. 


4. 


9m^ + 6mn + w*. 


12. 


a* + 4a«6« + 46* 


5. 


a^ — 4iB2/ + 4yl 


13. 


ic2_6«2f + 9««. 


6. 


f^2y + l. 


14. 


aj«H-20a; + 100. 


7. 


a268-8a6-hl6. 


16. 


m2-f-8mn + 16n*. 


8. 


4n2-20n + 26. 


16. 


9a*-18a?y + 93^. 
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17. 9 + 6a« + a*. 23. a* + i8a« + 8L 

18. 4aV-4a%«a: + 6*. 24. 100 o^ - 20 a? + L 

19. aW — 8amn + 16n". 26. mV4-4mn + 4 

20. 26a^ + 80a:«4-64. 26. a:*' + 2aj"y*4-2^. 

21. o* + 4aV-f4a^. 27. 16 + 16m* + 4m*. 

22. 46V-126cd + 9d« 28. l-.8ar + 16a^. 

88. To resolve a binomial into two binomial factors. 

(a+6)(a-6) = a«-6«. 

1. What is the product of (a -f 6) (a — 6) ? What, then, 
are the factors of a^-^W? How do these two factors 
differ? 

2. What is the product of (a? + 3) (a? - 3)? What, then, 
are the factors of aj* — 9 ? 

Rule. Find the square root of each term of the binomial and 
make the sum of these square roots one factor and their dif- 
ference the other. 

A binomial cannot be factored by the above rule unless the second 
term is negative and the indices of the powers are even numbers. 

Sometimes the factors of such a quantity may themselyes be re- 
solyed into factors. 

Thus, ir* - y* =(«2 + y^){x^ - y«) 

Factor the following : 

1. aj^-y* 6. aj«-25. 

2. a^-4. 7. 121a^-100y«- 

3. a'^-gy. 8. 16a»-962. 

4. m*-L 9. a^-144. 
6. aV-i^. 10. l-«». 
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11. aJ*-3^. 21. m*-625. 

12. aj»-16. 22. 226aj* -lOOyl 

13. 9ic»-36. 23. 16y*-256. 

14. 4aj*-25. 24. aV-9dl 

15. aJ*-81. 26. a^-121. 

16. mV-64aj». 26. c*cP-l. 

17. 4a2-1662. 27. 26m*-225n«. 

18. aJ*-626. 28. ai»-l. 

19. 9aj«-81. 29. aj*»-3^. 

20. 25a%»-.49c*d*. 30. a^-169. 

89. To factor a quadratic trinomial. 

(a? + 3) (a; + 2) =aj2 + Saj + 6. 
(a; + 3 ) (a? - 2 ) = «« + oj - 6. 
(a?-3)(aj + 2) = aj«-aj-6. 
(aj-3)(aj-2) = aj*-6aj + 6. 

1. In the above examples^ what terms of the product are 
alike? 

2. How may the first term of each factor be found from 
the product ? How may the second term of each factor be 
found from the product ? 

3. How is the coefficient of the second term in the 
products found from the last terms of the factors ? How, 
then, may the sign of the second term of each factor be 
found from the second term of the product ? 

90. A trinomial in the form, a^ ±ax±b, in which b is 
the product of two quantities, and a their algebraic sum, 
is called a Quadratic Trinomial 
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1. Besolve a* — 9 a? + 18 into two factors. 

PROCESS. 

a;* — Q ir 4- 1 8 Explanation. The first tenn of each factor is 

"*" evidently x. Since 18 is the product of the other 

I 18 X 1 two quantities, and — 9 is their sum, we must 

;|^3 _ J 9x2 select from the different pairs of factors of 18 those 

go two whose sum is — 9. Therefore, — 6 and — 3 

o A Q s-™ ^^® other terms. Hence, x — 6 and x — 3 are 

~^ = "~^~"^ the factors required. 

(a?-6)(aj-3) 

2. Factor a^ + 4a? — 21. 

Solution. 21 = 3 x 7, or 21 x 1. 

The factors whose algebraic sum is + 4 are + 7 and — 8. 

. •. (x + 7) and (x — 3) are the factors. 

Factor the following : 

3. a*+6a + 8. 17. aj*-10aj-200. 

4. a:*4-5a? — 14. 18. a^ — Qax-^bboi?. 
6. 0^ — 60? — 7. 19. ar*-14aj + 40. 

6. m^ — lOm+9. 20. a:*+«y — 20^. 

7. 6^ + 56 4-6. 21. m«+10m + 24. 

8. n*_n-2. 22. a*-4a6-216«. 

9. n«4-w-2. 23. a^-14aj + 48. 

10. a^-7aj-18. 24. aj' + Ta? — 18. 

11. 7?-\-A:X-'12. 25. c« + c-420. 

12. a" -5a -24. 26. a* + lla6 + 286*. 

13. aj* + 5x — 36. 27. «*• - 9a?"4-20. 

14. y'- 32/2 + 221 28. iC*-3«2-154. 

15. m2-6mw-16n*. 29. m^ + 2m-'2bb. 

16. a* + 9aa; + 8a^. 30. a:*' + 12ar" + 36. 
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91. To factor the sum or the difference of two cubes. 

(a8 + 68)^ (a 4- 6) = a^- a6 + ft". 
(a8 _ 68)^(a- 6) = a* + a6 + b\ 

92. Principle. The sum of the cubes of two quantities 
[ is divisible by the sum of those quantities, and the differe^ice 
t of the cubes of two quantities is divisible by the difference of 

those quantities, 

1. Faxjtor a' — a". 

Solution. a* — «« is divisible by a — a5 (Prin.) 
(a« - ic«)4-(a - «) = a2 + ox + x^ 

2. FactorV + 8». 

Solution. r* + «« is divisible by r + s (Prin.) 
(r8 + «8)-i-(r + «)= r2 - r« + sa 

.-. r8 + «8=(r + «)(r8-rs + «a) 

3. Factor a»-6V. 

Solution. a^ — b^<fi is divisible by a — 6c 

(a3 - 68c8) -5- (a - be) =a^ + abc + b^c^ 

.-. a» - 68c3 =(a - 6c) (o2 ^- a6c + b^c^) 

< Observe carefully, in the examples solved above, the 
•quantities in the quotients and the signs, and you will be 
able to write out the factors. 

Factor the following : 

4. a? + f. 10. s8+^. 16. ixf — fs?. 

6. a' + 6^. 11. c8-(P. 17. a^ + b^c^. 

6. m^ — n^ 12. f + 1. 18. mV + c^**. 

7. a3-63 13. aj8-l. 19. a^m? "Wf, 

8. m8 + n» 14. a^ — c^d^. 20. a? + l. 

9. ojs-.^. 16. m^ + s^ 21. 3^-1. 
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EQUATIONS SOLVED BY FACTORING. 

88. 1. Find the value of a? in the equation a:* + 1 = 5. 

PROCESS. Explanation. Transposing the 

• ^ f^ known quantity to the second mem" 

"" ber, the first member contains the 

35* = 6 — 1 second power, only, of the unknown 

a^~4 quantity. Separating each member 

X'Xss2 ^2 OT — 2« — 2 ^^ ^^^ equal factors, the equation 

becomes X'a; = 2*2 or — 2.— 2. 
.*. Xss±2 Since each member is composed of 

two equal factors, a factor in each 
must be equal. Hence, x=: + 2or— 2; orx = ±2. 

The sign^ i:, called the Ambiguous Sign, is a combination 
of the signs of addition and subtraction. 

Thus, a±b indicates that b may be added to or subtracted from a, 

2. Find the value of a? in the equation 05* + 6 = 30 + 11. 

SoLunoir. a^ + 6 = 30 + 11 

x2 = 30 + 11 - 6 

a^ = 36 
x-x=:d*6or — 6*— 6 
.-. a;= ±6 

Find the value of a; in tiie following equations: 

8. aj«-4 = 6. 12. 0^ + 21 = 25. 

4. aj«-9 = 16. 13. aj« + l = 82. 

6. aj»-26 = 24 14. ar* + 12 = 4& 

6. aj*-l = 3. 16. a?-16=i0. 

7. »» + 4=:20. 16. aj*-10 = 90. 

8. a? + 6=41. 17. ar* + 15-.8 = 8. 

9. a? + 2 = 11. 18. 3^+3-6=5-2+10. 
10. aj2-8 = 8. 19. a^-4a2 = 21a*. 

U. a? + 7 = ll- 20. a? + 3c2=7c«- 
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94. 21. Findthevalueof a5intheequationaj*+4aj+4=16. 

PROCESS. Explanation. Since 

o , ^ . M -, ^ each member of the equa- 

af + 4aj + 4==lb tioj^ ^j^ Y)e resolved into 

(a? + 2) (05 + 2) = 4 • 4 or — 4 • — 4 two equal factors, one fac- 

.'. aj+ 2 = 4 or — 4 tor of the first member 

and a? — 2 OP — 6 ^'^^ ^® equal to one f ac- 

■" tor of the second member. 

Hence, x + 2 = 4 or — 4, 

and X is found to have two values, 2 or — 6. 

22. Find the value of » in the equation a^ + 6 a? + 9 = 49. 
Solution. «« + 6 a; + 9 = 49 

(X + 8)(« + 3)= 7 . 7 or - 7 . - 7 
.*. « + 3 = 7 or - 7 
and 2B = 4 or — 10 

Observe that the first member cannot be separated into two equal 
factors except when the trinomial is a perfect square (Art. 86). 

Find the values of the unknown quantities in the follow- 
ing equations : 

23. y*-10y + ^5 = 16. 32. «« + 24 a; + 144 = 226. 

24. a:«-8a-|- 16 = 81. 33. aj' + 2a; + 1 = 36. 
26. a:«-16a5 + 64 = 9. 34. y*-14y + 49 = 9. 

26. 2* + 12» + 36 = 64. 36. «* 4- 30 » + 225 = 626. 

27. a:« + 14a + 49 = 100. 36. aj2 + 24a; + 144 = 169. 

28. a^- 20 a; + 100 = 26. 37. a^ + 40 a + 400 = 900. 

29. y*-18y + 81 = 16. 38. a^-26aj + 169= 196. 

80. a^ + 22aj + 121 = 144. 39. 3^-2y + l = 26. 

81. a:« + 6»+9=s4 40. »«+ 60 a +626 =1600, 
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95. 41. Find the value of x in the equation «*+ 4 x = —4 

PROCESS. Explanation. By transposing — 4 to 

the first member, that member becomes a 

aj* -|- 4 a: = — 4 perfect square which may be resolved into 

a^-j-4a.4.4 = two equal factors, {x + 2) (a; + 2). Since 

(x4-2)(xA'2) = *^® product of these factors is 0, one of 

\ 9 __ n ^^® factors must be ; and since both 

•'• ^ + -^ — ^ factors are the same, each factor is equal 

and a? = — 2 to 0. Hence, the value of ac is — 2. 

42. Find the value of ar in the equation a^ — 8 a; = — 16. 

Solution. x2-8a; + 16 = 

(a;-4)(a;-4) = 

.-. a;-4 = 

and x = 4 

Find the values of x in the following equations : 

43. aj2 + 10a; + 25 = 0. 62. a;^ + 20 ar + 100 = 0. 

44. aj2+12a; + 36 = 0. 63. a^ + 24 a; = - 144. 
46. a^ + 6aj-h9 = 0. 54. a.-^ -f- 36 a? = - 324. 

46. a:2__i8a; + 81 =0. 65. a?- - 50 a: = - 625. 

47. a^ + 16a; + 64 = 0. 66. aj2 +^22 a; = - 121. 

48. aj2 + 26a? + 169 = 0. 67. ar^ - 100 a: =- 2500. 

49. a^- 14 a? + 49 = 0. 68. a^ + U x = -- ^84:. 

60. a^ + 30a; + 225 = 0. 69. aj2 -f- 60 a; = - 900. 

61. a2-28a; + 196 = 0. 60. a;- + 80 a: = - 1600. 

96. 61. Find the value of a? in the equation a^ + 5x 
-14 = 0. 

PROCESS. Explanation. Factoring the first 

member of the equation, the factors 

aj2 + 5 a; — 14 = are (x + 7) (a - 2), Since the prod- 

(a; + 7)(a: — 2) = uct of the factors is equal to 0, one of 

(r-l-T — OoTiT— 2 — *^® factors is equal to 0. Solving, 

•'■**' "~ ^ the values of x are found to be - 7 

and a; = — 7, or aj = 2 ^j. 2 
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62. Find the value of a; in the equation a^ + « — 72 = 0. 

Solution. a;^ -|- x - 72 = 

(a; + 9)(a-8)=0 

.•. a; + 9 = 0, or a; -^8 = 

and a; = - 9, or a = 8 

Find the values of ar in the following equations : 

63. ar^-- 2a?- 15 = 0. 72. aj^ + 15 a? + 50 = 0. 

i34. a;2 + 6ajH-5 = 0. 73. a?^ — « — 2 = 0. 

65. aj2-hl0a;+9 = 0. 74. aj^ - 18 a; + 77 = 0. 

66. ar^- 8 a; + 16 = 0. 76. x^ + 2 a? -120 = 0. 

67. a?2 + 2a?-48 = 0. 76. ar^ - 22 aj - 75 = 0. 

68. aj2 + 13aj + 40 = 0.> 77. aj^ - 6 oa; -f- 8 a* = 0. 

69. a?^5x^24: = 0. 78. ar^ + 3aj-64 = 0. 

70. aj2 + 7aj-f 12 = 0. 79. aj*-4aa?-96a* = 0. 

71. a^+9aj-22 = 0. 80. a^'\'llbx + 24:b^ = 0, 

97. 81. Find the value of x in the equation aj* + 6a5 
+ 7 = 23. 

PROCESS. 

a^-f 6aj+ 7 = 23 
»»+6a;+ 7 + 2 = 23 + 2 
^2+ 6«+ 9 = 25 
(aj + 3)(aj + 3) = 5.5or -5.-6 
.'. a; + 3 =5 or —5 
and a? = 2 or — 8 

Explanation. Equations like this may be solved in the same 
manner as the equations immediately preceding, by transposing all the 
quantities to the first member and then factoring ; or they may be 
solved by making the first member a perfect square by adding to or 
subtracting from both members some number. The first member of 
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the equation is a trinomial. A trinomial is a perfect square when 
it is composed of two terms that are perfect squares and when the 
other term is twice the product of the square roots of the terms that 
are squares, a^^ + 6x are two terms of the trinomial which is to be 
made a square, but the third term is to be found. Since the second 
term, 6 x, is twice the product of the square roots of the terms that are 
squares, and the square root of one of the terms is x, if 6 x is divided 
by 2 X, the square root of the other term that is a square will be found. 
Dividing, the quotient is 3, and 3^, or 9, is the third term of the tri- 
nomial. Since the given term is 7, 2 must be added to both mem- 
bers to make the first member a perfect square, giving x2-H6x-H9=26. 
Factormg, (x + 3) (x + 3) = 5 • 5 or —5.-5. Whence, x = 2 or. 
-8. 

82. Find the value of a? in the equation a*— 12a:+33=46. 
Solution. x^ - 12 x + 33 = 46 

x2-12x + 33 + 3 = 46-h3 
x2-12x +36 = 49 
(x-6)(x- 6) = 7.7or-7.-7 
.-. X- 6= 7or -7 
and X = 13 or — 1 

Solve the following equations : 

83. a?+10x + 20 = ll. 92. aj^ - 24 aj -f 122 = 3. 

84. a? + Soc+12 = 32. 93. aj2 - 30 a + 220 = 76. 

85. a;* - 18 a -f- 80 = 15. 94. «« -f 40 a? -f 200 = 426. 

86. aj*-f 4aj-f 2 = 7. 96. a^- 8a -(-15= 99. . 

87. aj*-20aj4-85 = 10. 96. aj^ + 12 aj + 27 = 40. 

88. aj« + 14a; + 45 = 60. 97. aj^ - 38 a? + 360 = 8. 

89. a:2 + 22a;+100 = 60. 98. f-\-2y--l=:2. 

90. o^ + 4:X't^ = S3. 99. a^-6aj-3 = 13. 

91. /-H6y + 54 = 90. 100. aj2 + 8aj-2 = 18. 
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98. 1. Name a common divisor or factor of 5 oi; and 10 xy. 
Of 4 a6 and 16 aft. 

2. Name all the common divisors or factors of 24 a?y^ and 
12 ^y. Which of these is the highest common divisor or 
factor? Name all the common divisors or factors of 
15 dfV and 25 a&*. Which is the highest common divisor or 
factor ? 

3. What prime factors or divisors are common to 24 a^* 
and 12 oi^y ? To 15 a%^ and 25 ab* ? 

4. How may the highest common divisor or factor be 
obtained from the prime factors of 24 a?y^ and 12 a^? How 
from the prime factors of 15 a^b^ and 25 ab* ? 

99. An exact divisor or factor of two or more quantities 
is called a Common Divisor or Factor of both of these quan- 
tities. 

Thus, 3 a is a common divisor or factor of 9 a^ and 12 a. 

100. The divisor or factor of the highest degree that is an 
exact divisor of two or more quantities is called the Highest 
Common Divisor or Factor. 

Thus, 5 a^ is the highest common divisor of 20 a^ and 15 a^. 

101. Principle. The highest common divisor or factor of 
two or more quantities is equal to the product of all their 
common prime factors. 

86 
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102. To find the highest common divisor or factor of quan- 
tities that can be factored readily. 

1. What is the highest common divisor of 4a% and 
12aWc? 

PROCESS. 

4a*6 =2. 2. a. a- 6 



H.C. D. = 2.2.a.a.6 = 4a% 

Explanation. Since the highest common divisor is the product 
of all the common prime factors (Prin.), the quantities are separated 
into their prime factors. The only prime factors common to the given 
quantities are 2, 2, a, Cy b; and their product is 4 ai^b. Therefore the 
highest common divisor is 4 a-b. 

2. What is the highest common divisor of m(a^ — 6*) 
andm(a*-2a6 + 6*)? 

Solution. f»(a2 — b^)=m{a-\- b) (a - 6) 

w(a2-2a6+ b'^) = m{a - b) (a - b) 



H. C. D. = w X (a - 6) = w(a - 6) 

Find the highest common divisor or factor of the fol- 
lowing: 

3. 14 a^yz^ and 21 ocy^z, 

4. 18 ocyz^ and 45 xyz, 

6. 5a26^ 30 a6«c, and 15 a%c. 

6. 22 mVzy 44 m^nV, and 121 m«nV. 

7. 20a6a^, 40 aft V, and 120 a^fta?*. 

8. 9 a^bm^n^, 27 b*m\ and 81 bmW. 

9. iB2-landa^-2aj + l. 

10. a? + 2xy-{-y^ and a*— y*; 

11. m^ 4- n^ and m* — w^ 
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12. a-6, a^-fe^ anda*-2a6-f y. 

13. a?^ — 1 and aj^ — a? — 2. 

14. a?2-2ajand2aJ2^2_4^^ 

15. yz — z and y^ — 1. 

16. 1 — a^ and 1 -|- a\ 

17. aj2_^2flj-3andaj2 + 5flJ4-6. 

18. aj2 — 2aj — 15andaj2 + 2aj — 3. 

19. ar^ — 3a; — 4andaj2_-a; — 12. 

20. ar'-l, aj*-l, andaj*-2a»+l. 

21. «2_7a.4.eanda;2^3a._4 

22. ax + hx, a^m — 6^m, and a^ + 2 a6 4- 6*. 

23. ar^ + 2aj-35andar^ + a?-42. 

24. ar^ — 4x2/ -f 42^^ and 0^ — 42/^. 

25. a;2_8a._|.i5^ aj2_4a._5^ anda2_3a._io. 

26. a;2_^a._20, a*-a;-12, andar^-2aj-8. 

27. a;^ + 2x2^ — 82/^ and aj2 — 5a;2^ + 6yl 

28. a;2 + 4a;2^ — 21 2/2 and aj2 + 6a;2/ —73^1 

29. a? -f 6a;2/ — 7 2/* and 7? — 2xy-\-y^, 

30. ar^-4aj-5andaj2 + 2aj-35. 

31. a:^ _ 42^2^ /^z _|_ ^^y _ ^2y\ and 7? — 4aJ2^ + 42/'. 

32. ax — 3a, a?^ — 7a; -f 12, and aa? -f 5aa; — 24a. 

33. am ■^2mx^ a^ 4- 4aa; -f 4 a?*, and a^ — 2 oa; — 8 a^'c 

34. 62 _ c\ 62 ^ 55c + 4c2, and 6^ _ 95c - 10c*. 

35. a;2-2a;-|-l, a;2_8a.^7^ anda;2-4a;4-3. 

36. a2-9, a2-9a-36, anda2-7a-30. 

37. 4a — 82/, a^ — 5a2/ + 62/2, and am — 2m2/. 

38. 2a;-f 62/, 2(ar^ 4- 6a;2/ 4- 92/2), and 2 aa; 4- 6 a2/. 



Digitized by 



Google 



COMMON MULTIPLES. 



103. 1. What quantities will exactly contain 3^ 6^ x, 

and y? 

2. What quantities will exactly contain 3»y and 9sc^? 

3. Give several quantities which will exactly contain 
6 oi^i^z and 4 a^yz. Which one of them is the lowest quantity ? 

4. What factors of the given quantities must be contained 
in the lowest quantity ? 

5. If any quantity is used several times as a factor in 
some of the given qualitities, how many times will it be 
employed in the lowest quantity that contains the given 
quantities ? 

IM. A quantity that will exactly contain a quantity is 
called a Multiple of the quantity. 

Thus, ahi is a multiple of a, a^, a', x, ax^ and a%6. 

106. The lowest quantity that will exactly contain each 
of two or more quantities is called the Lowest Common 
•Multiple of the quantities. 

Thus, 4 x^ is the lowest common multiple of 4 x, 2 y, xy, and x^, 

106. Principle. The lowest common mxdtiple of two or 
more quantities is equal to the product of all their different 
prime factors, using each factor the greatest number of times 
it is found in any of the given quantities. 
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107. 1. What is the lowest common multiple of 12«^«*, 
6 a^ajy*, and 8 axyz^ ? 

PROCESS. 

8 axyz^ = 4,-2 ' a* x-y '7^ 
L. C. M. = 4 . 3 . 2 . a« . aj» . y* . 2* = 24 aW^V. 

ExFLANATioy. Sioce the lowest common multiple is equal to the 
product of all the different prime factors of the given quantities (Prin.), 
the quantities are separated into their prime factors, when necessary. 

Since any number which will contain 12 will contain 6, it is not 
necessary to factor 6 ; and since 12 and 8 contain the common factor 4 
and other factors, 3 and 2, which are prime numbers, 4, 3, and 2 are the 
numerical factors of the L. C. M. These multiplied by all the different 
literal factors, each with its highest exponent showing the greatest 
number of times it is used as a factor in any of the given quantities, 
will be the lowest common multiple. 

2. What is the lowest common multiple of a* — 3 a — 40 
and aj2 -1-3 a? -10? 

Solution. x^ - 3 x - 40 = (« - 8) (oc + 6) 

«2 + 3a;-10=(fl5-2)(ac4-6) 



L. C. M. =(« - 8)(a; + 6)(x - 2) 
= a;8-5x2-34x + 80 



Find the lowest common multiple of the following : 

3. 8a%*c and IS a^bc". 

4. lOab^x and Wa^ba?. 

6. Uarb^c?, 7b^x% and SBabcx. 

6. 27 am, 33 a^my, and 81 a^mV. 

7. 15 off z and 21 ar^t/^^*. 

8. a* — 4 and a? — 4ic + 4. 
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9. 05" — y* and a^ + 2Qsy -^y'. 

10. a^(x — y) and a(a? — y^. 

11. a2-6» a2 + &^anda*-6^ 

12. iB*-9aj-22andaj2-13aJ + 22. 

13. aj* + 5a;-|-6andj»*4-6aj + 8. 

14. a?*-16, a*+.4aj-h4, andj»«-4. 

15. c*-6c + 4 and c* — 8c + 16. 

16. m(a + 6), m'(a — 6), and ma5(a' — y). 

17. x(a^ - 6*), aj(a - b), and »*(a« + 06 + 6"). 

18. 2a + l, 4a«-l, and8a» + l. 

19. a" - a - 20 and a* + a - 12. 

20. x*y — xy^f ^ — y'f and a^-\-xy. 

21. a* — a?, a?* — 1, ajy — y, and a6(a?'— 1). 

22. Q^ — a^ix? — a?, and a — a. 

23. a»-6a6 + 46»anda»-2a6 + 6l 

24. j»«-x-30andaj"4-llaj + 30. 

25. ic* - 1 and aj» 4- 1. 

26. j»«-landa* + 4aj + 3. 

27. 6(a H- 6), 6*, am(a - 6), and a' -f 2a6 4- W 

28. 15 (a% - ah% 21 (a^ - ah% and 35(a6« + d'). 

29. iB" + 6aj + 6, iB"-aj-12, andaj»~2aj-8. 

30. j»«— 8x + 15, fic* — 4aj-6, anda* — 2x — 3. 

31. j»" + 4a^ — 21^*, a* — 2xy — 3^*, and j»" — 6ajy — 7j^ 

82. iB"-3aj-28, «» + »-- 12, and it-'-lOaj-f 21. 

83. aj"4-2aj-35, aj* + aj-42, andaj"-llir-|-30. 
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108. 1. When anything is divided into two equal parts, 
what are the parts called? What, when it is divided into 
three equal parts ? Into four equal parts ? Into m equal 
parts? Into n equal parts? 

2. What does ^ represent? ^? |? ^? i? h 
3 4 5 7 m n 

8. Express ^ of a; ^ of 6; i of c; | of a; f of d. 

109. One or more of the equal parts of anything is called 
a Fraction. 

An operation in division may also be expressed as a frac- 
tion by writing the dividend for the numerator and the 
divisor for the denominator. 

110. A quantity no part of which is in the form of a 
fraction is called an Entire Quantity. 

Thus, a, 3 ic, 4 a 4- 3 6, etc., are entire quantities. 

111. A quantity composed of an entire quantity and a 
fraction is called a Mixed Quantity. 

Thus, Sx+ -^, 3 X — 3 y + ^ are mixed quantities, 
o c 

112. The sign written before the dividing line is called 
the Sign of the Fraction. 

This sign belongs to the fraction as a whole and not to 
either the n umerator or the denominator. 

Thus, in — ^ J the sign of the fraction is — , but the signs of the 

quantities a, 6, and 2 are +. The sign before the dividing line simply 
shows whether the fraction is to be added or subtracted. 

01 
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REDUCTION OP FRACTIONS. 

113. To reduce fraetions to higher or lower terms. 

1. How many fourths are there in 1 half? In 3 halves? 
In 5 halves ? In a halves ? In 6 halves ? In n halves ? 

2. How many sixths are there in 1 third ?. In 2 thirds ? 
In8 thirds? Inajthirds? In y thirds ? In a -f 6 thirds ? 

8. Since I is equal to ^; and | is equal to ^ ; what 

may be done to the terms of a fraction without changing 
the value of the fraction ? 

4 . How many thirds are there in f ? How many halves are 
there in | ? How many fifths are there in ^ ? How many 

twelfths are there in ^? In^? In^? 
24 36 48 

6. Change — -, -— , -— , :—- to fractions whose denom- 
4 J 8 a 16 

inator is 16 a. 

6. Reduce to equivalent fractions whose numerator is 3 x, 

ax by ab^ 4xy^' 4:ayz 

7. What else, besides multiplying them by ^the same 
quantity, may be done to the terms of a fraction, without 
changing the value of the fraction ? 

114. A fraction is expressed in its Lowest Terms when 
its numerator and denominator have no common divisor. 

115. Principle. Multiplying or dividing both terms of a 
fraction by the same qvxintUy does not change the value of the 
fraction. 
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116. To express a fraction in higher terms. 

2tt 
1 . Change -—- to a fraction whose denominator is 16 V(?d, 
5 be 

PROCESS. Explanation. Since the fraction is 



2a 



to be changed to an equivalent fraction 

expressed in higher terms, both terms of 

66c the fraction must be multiplied by the 

166V(f -s- 66c = 3 bed same quantity, so that the value of the 

2axSbcd 6 abed fraction may not be changed (Prin.). 

— = In order to produce the required denom- 

obc X obcd lobcd inator, the given denominator must be 
multiplied by Sbcd\ consequently the 
numerator must also be multiplied by 3 bed, 

^■^, Change -^ to a fraction whose denominator is 30. 
6 

^^3. Change — ^ to a fraction whose denominator is 24. 
l^\A, Change -~— to a fraction whose denominator is 28. 

5. Change ^'^ to a fraction whose denominator is 

6. Change ^77 to a fraction whose denominator 
is33aj. ^^ 

l/^ 7. Change ^7" — — to a fraction whose denominator 
is 48. ^^ 

8. Change ^ to a fraction whose numerator is 4i7?y, 

tq 9. Change - — ^^-— to a fraction whose numerator is 
\2abc. ^*-3y 

10. Change — "^ — to a fraction whose denominator is 
12xy. ^ 
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11. Change to a fraction whose denominator is 

12. Change ??-±-?^ to a fraction whose denominator is 
mr — n\ 

f*^ rr 

0^ 13. Change — -— — to a fraction whose denominator is 75. 
15 

14. Change to a fraction whose nunierator is m -f n. 

l/\ 16. Change — ^ to a fraction whose numerator is 

16. Change ^""-^ to a fraction whose numerator is aj* — ^. 

117. To express a fraction in its lowest terms. 

1. Reduce ^^ ^^ to its lowest terms. 
20a^ 

PROCESS. Explanation. Since the fraction is to be changed 

1 K ,^ -2 q to an equivalent fraction expressed in its lowest 

1 o vrxf ___ oa terms, the terms of the fraction may be divided by 
20 5cy* 4 any quantity that will exactly divide each of them 
(Prin.). Dividing by the quantity, Say^^ y)^^ ex- 
pression is reduced to its lowest terms, since the terms have now no 
common factor. Or, the terms may be divided by their highest com- 
mon divisor. 

Reduce the following to their lowest terms : 

f 3a6c - 13m^n ^g 17 vp^ns^ 

-^ 4a^g \\2ah^ m. 125aW. 

' Vl^y^ ' 252abxy \ ' 625aV2* 

u lOabx « 35^^^ ^ 2x 

^ 35a%caj>* ' 105aj«2/V ^ ' 4a^-6aaj 
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-- Sab. -^ ax — a ^« a?* — 6a: — 40 

11. — T -;• 17. r • AO, 



12 iL±A. 18 «' 4- g - 6 ^-f 

13. ^--^ . 19. ^'+8^+15, 25."^^. 

Mf 14. <^"^ . M^O. ^"•^^-^^ . 26.^^^ + y) . 

a2-2a64-6* a2-12a;+36 27(a«-.2^) 

16. ^-y' . 2H^^±^^=^- 27. ^^"^y 

a*+2aj^+3^ )ar* + 4aj-5 8a:»-27y» 

16 ^ + ^ 22 ^""^ 2e> v a^-1 

118. To reduce an entire or mixed quantity to a fraction. 

1. How many thirds are there in 2 ? In 5 ? In 7 ? In a ? 

2. How many fifths are there in 4 ? In 7 ? In m ? 

3. How many fourths are there in 3 J ? In 5| ? In a? + - ? 
1. Keduce x+ - to a fractional form. 



PBOGESS. Explanation. Since 1 is equal to 

_^^ ^, X is equal to ^; consequently 

«, y y 



y 

y y y y 



Rule. Multiply the entire part by the denominator of the 
/ration; to this product add the numerator when the sign of 
the fraction is plus, and subtract it when it is minus, and 
write the result over the denominaJtor, 
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If the sign of the fraction is —, the signs of all the .terms in the 
numerator most be changed when it is subtracted. 

The student must note very carefully that the sign of the fraction 
afEects the whole numerator and not simply the first term. 



Beduce the. following to fractional forms 

14. x-^ 

1^16. 3x + ^^^^' 



^i. 


5.+^ 


^. 





r*- 


8 a; +2. 
4 


q-B. 


'-%■ 


6 


.l2»-l 



7e 2a?. 



9. 8a-il±2. 



10. 3m + ?^-"^ 



14. x^^^L:^ 



16. a- 

17. 1 + 



ax 
2ac — c' 
a 

X 



18. 3 + 



l-hx 
3 



19. 3a 4 



ab^a 



a? + 4 '6 



^ ^ W\ 20. a + x-^^^t^^ 

8. 7a? + ^i^^?. 



^ 21. a + c-h^^-^ 



a — c 



5 .. OO 0._Q_^^±2^ 



uj 22. 2aj-3- 



a + 2 
14 



3 23. m-2w + 

m + 2n 

^ "•»' + *-i^- ,^,,. m + n-x + ^=^. 

12. 20,-^. 25. a-« + ^±^^. 

" a + aj 

13. 66 + ?.i=:i^. 26. a(m + «)+ ""* 



^2 m — w 
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119. To reduce a fraction to an jntire or mixed quantity. 

1. How many units are there in f ? In f ? In -^ ? 

2. How many units are there in 5«±1^? In ^JLz^? 

Ini^Li-, ^ ^ 

2 

1. Reduce ^^"'" to a mixed quantity. 

X 

PBOCESS. Explanation. Since a fraction may be re- 

, , garded as an expression of imexecuted diyision, 

^^"tO j^ ^ I £ by performing the division indicated, the fraction 

X X is changed into the form of a mixed quantity. 

Reduce the following to entire or mixed quantities : 

^ 26 db 
11 



5. 
6. 
7. 
8. 
9. 



36ac-f 4c 
9 

g^ + c^ 
a 

12a^-5y 
6x 

2a^x — (ia? 
a 

a — 05 



10. 


x-1 


11. 


2a«-46« 
a + b 


12. 


5ay + ax-^x 




a 


13. 


2a6 + 6* 
a + b 


H'U. 


2!B« + 7 

x-i 


15. 


a? + »» 




x-y 


^le. 


2a6 + a6*-a* 


ab 


li 17. 


a? + 23?-2x + l 


x'-x-l 


7 
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18. 2a'-2y 22. '^-4* + 6 



a-b 


a!»-2aj + l 


x-1 


2a!« + 6 


a!-3 


a« + 6» 



19. *----r^ , 28. 
as — 1 

20. 2^±A 24. 



aj-2 
2aj-3 



a — 6 or — 1 



120. To reduce dissimilar to similar fractions. 

1. Into what fractions having the same fractional unit 
may i, i, ^ be changed ? 

2. Into what fractions having the same fractional unit 
may - — and - — be changed ? 

8. Express ■- — , - — , and - — in equivalent fractions 
3m 2m om 

having their lowest common denominator. 

121. Fractions which have the same fractional unit are 
called Similar Fractions. 

122. Fractions which have not the same fractional unit 
are called Dissimilar Fractions. Similar fractions have^ 
therefore, a common denominator. 

123. When similar fractions are expressed in their lowest 
terms, they have their Lowest Common Denominator. 

124. Principles. 1. A common denominator of two or 
more fractions is a common multiple of their denominators. 
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2. The lowest common denominator of two or VMre frao 
tiona 18 the lowest common muUiple of their denominators. 



^and4 
2x a^x 

lowest common denominator. 



1. Reduce -— and — - to similar fractions having their 





PROCESS. 




m 


mxa^ 


dfm 


2x 


2xxq* 


2o'a! 


S_ 


3x2 


6 



Explanation. Since the lowest common 
denominator of several fractions is the 
lowest common multiple of their denomi- 
nators (Prin. 2), the lowest common multi- 
ple of the denominators 2 x and a%c must be 
-^- = ^ Q = o 2 found, which is 2 a^. The fractions are 
ax axx^ ^ax ^^^^^ reduced to fractions having the de- 
nominator 2 a^, by multiplying the numer- 
ator and denominator of each fraction by the quotient of 2a^a; 
divided by its denominator. 2 a^ -4- 2 x = a^, the multiplier of the 
terms of the first fraction. 2 a-x -i- a^ = 2, the multiplier of the 
terms of the second fraction. 



Rule. Find the lowest common multiple of the denomina- 
tors of the fractions for the lowest common denominator. 

Divide this denominator by the denominator of each frac- 
tion, and multiply the terms of the fraction by the quotient. 

Reduce to similar fractions, having their lowest common 
denominator : 



t e. ^ and M. 

c arz xz^ 



'i 



3. ^ and 2^. H 7. — , — , — • 
n X ^ y ax ay 

A ^^ o«^ 2 a ^ ^ be ac ab 

4. — ^ and -—— ' 8. a, — > — > — • 

c Sby xy xz yz 

6. — - and —— (/T 9. — > — > — • 

4 3^ xy ax ayz 
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,, 10a 86 9 ,r 6 7 a?-fy 

^ 12. ?i^ ^, ^ ij?. 16. -1-, -L-. 

^ 1? 3 26 39 a + b a-b 

-^ a + 6 a — 6 ab -« 3 6 9 

13. _-j — , -_^ — , . 17. — __, -^ — 



aa; 2^ 6 a; + 2 a;-2 a? 

g-f 6 , 1 1 

a? — }/ a — b' a^ + ab-\-lf 



. 19 1 3 a? 



2 13 

o' 7* 



a2-62 a-6 a^ + V 

21. .^±2_ ^-^ . 
ar^ — 33.4.2 a«4-«-2 



22, 



aj« + 2a — 3 «* — 2aj — 15 

^ «(«-2) 4a?-8 4aj 

24 5 3a? 4 — 13a? 

• l4.2as' l-2aj' l-4a5»* 

a + 6 a'-6« a*-6* 



26. 



g — y « + y 



Digitized by CjOOQ IC 



FRACTIONS. 101 

CLBARINQ EQUATIONS OP FRACTIONS. 

125. 1. Five is one half of what number? 

2. Eight is one third of what number? One fifth of 
what number? 

3. If ^oj equals 5, what is the value of a? 

4. If ^aj = 6, what is the value of a? 

6. What effect has it upon the equality of the mem- 
bers of an equation to multiply both by the same quantity ? 

6. If the members of the equation -^ a? = 6 are multiplied 
by 5, what is the resulting equation ? 

7. Multiply the following equations by such quantities 
as will change them into equations without fractions : 

|aj = 8, or 1=8; ^x=7, or|=7; 

8 = ^^ 10 = ^' 2-^4 = ^' 3 + 6 = ^^ 

? + ? = 10: ? + A = 20: ^ + 5 = 8. 
4^8 ' 5^10 ' 3^5 

8. How may an equation containing fractions be changed 
into an equation without fractions? 

126. Changing an equation containing fractions into 
another equation without fractions is called Clearing an 
Equation of Ftactions. 

127. Pbinciple. -471 equation may be cleared of fractions 
by multiplying both members by some multiple of the denominor 
tors of the fractions. 
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1. Find the value of x in the equation a? + ? = 8. 

PBOGESS. 

. + 1-8 

Clearing of f ractions^ 3 a? + a? = 24 
Uniting terms, 4 a? = 24 

Therefore, x = 6 

ExPLANATioir. Since the equation contains a fraction, it may be 
cleared of fractions by multiplying each member by the denominator 
of the fraction (Prin.). The denominator is 8 ; therefore each mem- 
ber is multiplied by 3 ; thus, 3 times x is 3 a;, 3 times ^, or ^x, is }x, or 

3 
X, and 3 times 8 is 24. The resulting equation is 3 ae + x = 24 ; there- 
fore aj = 6. 

2. Find the value of x in the equation 

^4^2^5 2 

PBOCESS. 

^4^2^5 2 
Clearing of fractions, 20aj + 5a?-fl0a?-f4aj = 390 
Therefore, 39 a? = 390 

and a = 10 

Explanation. Since the equation may be cleared of fractions by 
multiplying by some multiple of the denominators (Prin.), this equa- 
tion may be cleared of fractions by multiplying both members by 4, 
2, 6, and 2 successively, or by their product, or by any multiple of 
4, 2, 5, and 2. 

Since the multiplier will be the smallest when we multiply by the 
lowest common multiple of the denominators, we multiply both mem- 
bers by 20, the lowest common multiple of 4, 2, 5, and 2. Uniting 
terms and dividing by the coefficient of x, the result is x = 10. 

Rule. Multiply both members of the equation by the least, 
or lowest, common multiple of the denominators. 
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1. An equation may also be cleared of fractions by nioitiplying 
each member by the product of all the denominators. 

2. Multiplying a fraction by its denominator removes the de- 
nominator. 

3. If a fraction has the minus sign before it, the signs of all the 
terms of the numerator must be changed wlien the denominator is re* 
moved. 

3. Find the value of x in the equation 

a? — 3 g — l ^ a; — 5 
4 9 " 6 

Solution. ^«^ = ^ 

4 6 

Clearing of fractions, 0aj-27-4x + 4 = 6«-80 

Transposing, 0aj-4aj-6aj = 27-4-80 

Uniting terms, — x = — 7 

Dividing by - 1, x = 7 

Note 3 under the rule is a very important one. Observe its appli- 
cation in the above solution. 

Find the value of x and verify the result in the following : 

ii^'4. a? + ? = 10. 10. a? + 5 + ?=ll. 

4 Jo 

5. . + 1 = 20. U. 1 + 1 + 1 = 9. 

6. 2a! + f = 9. 12. 2aj + 5+| = 37. 

4 Jj t 

^1. 2^ + 1 = 34 ^13. a, + | + | = |. 

9. ?+3. = 10. 16. 2 + 5+1 + ^=17. 
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« , £^_116 „. X _2x ,3 

■9'^12 12* 10 5 "•" 2 4~4 



^ 16. 3« + 5 + ^ = y5. 24. i_25 + ?*-? = 19 



17. 


2. + 2/ + ^|-27. 


25. 


3^ 8 


18. 


3.-»+g = 7«. 


26. 


3 11 -^ ^• 


19. 


.+|-|=3a ■ 


27. 


^^^ 2x-«j3 21 



20. x + ^ + ^-? = f . 28. 3£+4^:W_2^ 
6622 3 3 

,^21. 2£_5 + ?^. x.^g 2-^±5 = 2!r-^±^. 

o» a;+3 jg — 8 _ x — 5 ^ 
'''• -4 6" -"2 ^• 

83. 6£^ + 22^ = 2»-& 
8 3 

■v^-. 23a! +13 x-1 /. 
3*- 1 2 

,- 4£+2_3£-5, ^ 
86. -^ j^ + 1. 

86. £±l + £±3 = ^+16. 
o 4 5 

/07 a?-7 a?-7 _ a; + l 
^^^- ■l0""*"-5— "6"' 

38. a? + 3 a;-l ^ a; + 42 a;-f5 ^ 
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39. ?+aj=? + 6^. 42. ?+^ = aj-^^. 
2 3 6 5 3 6 

.^ X 2a? — 4 _ x + 7 .« a? , aj 2aj aj — 52 

40. ^^ X —. 43. g + g-y^ ^^ 

., l-2a! _ 4 — 5!C J3 ., ar— 4 a — 1_« — 26 

"• —3 ~i 42' "• ^ 3 6~ 

.. x—1 , x—3 x—2 2 

"• ^-+-4 3-=3- 

PBOBUSMS. 

128. 1. A certain number diminished by \ and also by J 
of itself leaves a remainder of 19. What is the number? 

Solution. Let x = the number. 

Then - and - = the parts of the number. 

5 6 *^ 

And a;-^_?=19 

5 6 

Clearing of fractions, 80x — 6a; — 6x = 670 

Uniting, 19 a; = 670 

a; =30 

2. What number is that the sum of whose third and 
fourth parts equals its sixth part plus 5 ? 

3. A man left ^ of his property to his wife, ^ to his 
children, and the remainder, which was $ 1200 to a public 
library. What was the value of his property ? 

4. Out of a cask of wine \ part leaked away ; afterward 
10 gallons were drawn out. The cask was then f full. 
How many gallons did it hold ? 

6. A man leased some property for 40 years. -J- of the 
time the lease has run is equal to \ of the time it has to 
run. How many years has it run ? 

6. The sum of two numbers is 35, and \ of the less is 
equal to J of the greater. W^hat are the numbers ? 
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7. A man paid ^ as inucli for a wagon as for a horse^ 
and the price of the horse plus ^ of the price of the wagon 
was 100 dollars. What was the price of each ? 

8. The sum of two numbers is 76, and f of the less is 
equal to ^ of the greater. What are the numbers ? 

9. There is a certain number the sum of whose fifth 
and seventh parts exceeds the difference of its seventh and 
fourth parts by 99 ? What is the number ? 

10. Divide the number 50 into two such parts that ^ of 
one plus f of the other shall equal 35. 

11. A son's age is | of his father's ; but 16 years ago the 
son's age was ^ of the father's. What are the ages of each ? 

12. A man paid J 3 a head for some sheep. After 20 of 
them had died, he sold J of the remainder at cost for $ 60. 
How many sheep did he buy ? 

13. A man wished to distribute some money among a 
certain number of children. He found that, if he gave 
to each of them 8 cents, he would have 10 cents left, but, if 
he gave to each 10 cents, he lacked 10 cents of having 
enough. How many children were there, and how much 
money had the man ? 

14. A man and his oldest son can earn $30 a week ; the 
man and his youngest son can earn f as much ; and the two 
sons can earn $19 a week. How much can each alone earn 
per week ? 

15. A and B start in business with the same capital. A 
gains $1775, and B loses $225. B then has | as much 
money as A. What was their original capital ? 

16. Divide $440 between A, B, and C so that B shall 
haye $5 more than A, and G shall have f as much as A 
andB. 
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ADDITION AND SUBTRACTION OP FRACTIONS. 
129. 1. Find the value of J + i; of ^-J; of ^ + ?. 

"2. What kind of fractions can be added or subtracted 
without changing their form ? 

3. What must be done to dissimilar fractions before they 
can be added or subtracted ? How are dissimilar fractions 
made similar ? 



130. Principles. 1. Only similar fractions can be added 
or subtracted. 

2. Dissimilar fractions must be reduced to similar fractions 
before they can be united by addition or subtraction into one 
term. 

1. What is the sum of % ^, and ^? 

2 5 4 

SotDTiON. g + 2a Sc^lQq 8a 16c^l8a + 16c, 
264 20 20 20 20 

2. Subtract P from 1^- 

3a! 8y 

Solution, 7ft 2a_21to lOgy _21te - lOoy 

%y Sx 2ixy Uxp 24xy i 

3. Simplify £±2 + ^_^. 

Solution. The lowest common denominator is x^ — 4, 

a; + 2a;-2 x^ + 4 
x-2 a; + 2 x^-4 
_ a;g + 4a; + 4a;g— 4a; + 4 x^ •\- 4 _ z^ -{-4 
a;2_4 xa-4 x'^ - 4 a;2 - 4* 
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i^ 



Add: 

2 3 « 

4. — and — -• 14. and ■ 



db ab m + n m — n 

6. Mand|2i 16. 2±land^. 

3a?y 3ajy a? — 1 x + l 

6. ?aiid^. 16. y'-f'^-^ and-^ 

y w ar—Qcy x—y 

r. ^ and Is.. 17. z^and-^. 

o « and-"-. ^18. ?Ll4and'» + * 



a + a5 a — a? a-h2 a — 5 

^^ 9. ^and-^. 19. ^and«±|. 
4 a — a-h& a — 

10. 2a+6^^6a-46. -g—and^^-"^. 

3c 12c 2a!-l 4a!'-l 

U. ^^and^^. 21. ^_and-2jL. 
as* — y* as + y as + y a^ — f 

12. «±iand«±|. 22. ^-"-^and- ~ 



a 4- 3 a 4- 5 x(a — x) a(a—x) 

X8. 2^n3land2£-Jf. 23. -3«-and^^. 
2aj — y x — y a + x or — or 

Eemember to change the signs of aU the terms in the 
numerator when you subtract a fraction. 

Subtract : 

24. ^from^. 26. ??^from^. 

9 9 ax y 

25. |froni?J5. 27. ^^ from e^. 
5 6 xy yz 
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from -^^« 31. — ^ from — ^-^ 



a? — 1 a — 2 x + 2 x + 3 

2»- !l^ ^^^^ -^' 32. — ^ from A. 

iB2 — 4 o; — 2 a?* — 2aj 2a; 

(^ 30. :^from ^, ^,t^ .. ' ^- 7rV» ^^^m 



a2-6« a'-2ab+b^ ^ {x--ay {x + ay 

34. Find the sum of one half of c dollars and one third 
of c plus d dollars. 

35. A man having b dollars paid out one half of his 
money, and then one fifth of the remainder. How much 
did he pay out ? How much had he left ? 

36. A carpet cost a dollars, a table b dollars, and a desk 
one half as much as the carpet and the table. What was 
the cost of all ? 

Simplify : 

2xy ^_Sxy^ a--b a + b a b 
^' 15^ + ^ r **• "3" + "l 2'^5 

38. iX'-ix + ^x. ^^ g I y I ^ 

39. ^ab-iab + ia^. ^ ^'^^ ^^^ 

40. r^+^-^ . *^* ^""i^"*"^^* 
3 4 6 

5 4 10 

a — b , 6 — c c — a 



42. ^-15 + 2. 48. ^ . _ 

7 9^3 ab be ac 

.« 6aa; 2aa; , 5ax At^ ^^ 3,5 

43. _- _ 1- ' 49 



6 9 12 a;*-l a; + l a;-l 
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2»-6 3-7 
a!»_a!_2 x-2 x+1 


53 ar «» » . 


a? + l a? — 1 


1 + 23 
x+1 x+2 x—3 


54. 1 + 1 2 

a? — a a: + a x 


1 1 


e- a , 3a 2as 

55. —■ 1 ;• 

a — x a + x ar + TT 


a^ — x — 2 af + x — 2 
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50. 

51. 

52. 

56. A man walked a miles the first day ; the second day 
he walked half as far as the first day ; and the third day 
half as far as the second. How far did he walk in the 
3 days ? 

57. What is the cost of a coat, hat, and pair of shoes, if 
the coat costs a dollars, the hat c dollars, and the shoes | as 
much as the hat and coat ? 

58. A train went e miles the first hour, /miles the second, 
and then went back J of the whole distance. How far was 

» the train then from tiie starting point ? 

MULTIPLICATION OP FRACTIONS. 
131. 1. How much is three times f ? Four times f ? 

Five times ^? 
9 

2. Express 2 x f in its lowest terms; 6 X ^; 8 x ^; 

3. How may the products in 1 and 2 be obtained from 
the given fractions ? 

4. In what two ways, then, may a fraction be multiplied 
by an integer ? 

5. Howmuchisiof|orf-^3? |of^or^-*-2? 

5 6 
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6. In what two ways, then, may a fraction be divided by 
an integer ? 

132. Pbinciples. 1. Multiplying the numerator or divid- 
ing the denominator of a fraction by any quantity^ multipliea 
tJie fraction by that quantity. f 

2. Dividing the numerator or multiplying the denominator 
of a fraction by any quantity, divides the fraction by that 
quantity, 

1. What is the product of - multiplied by |? 
«T>/%nii.aa EXPLANATION. To multiply - by ^ is to find c 

FaUv/E8S« y 3 

X c _cx times } part of ^ J part of - is ^ (Prin. 2), and c 

V 3"~3v ^ y ^y 

^ ^ times ^ is ^ (Prin. 1). That is, the product of the 

Sy Hy 

numerators is the numerator of the product^ and the product of the 

denominators is the denominator of the product, 

1. Reduce all entire and mixed quantities to the fractional form 
before multiplying. 

2. Entire quantities may be expressed in the form of a fraction by 
writing 1 as a denominator. Thus, a may be written -• 

3. When possible, factor the terms of the fractions and cancel 
equal factors from numerator and denominator. 



2. Find the product 


ar* — 4 4aj a?- 


x + 2 
-2a!-3 


Solution. ^ — - x ^ 


X x'-2x-S 




x-3 

(« + 2)(x- 


{X+l^x-l) 
■2^ 4x ^(* 


x + 2 
-&KX + 1) 


Canceling equal facton 
x-1 


1 from dividend and divisor, the result is 


4x(x-2)' 
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Multiply : 
3- ^bya6«. 9. 2^by. ^ 



abcx 18 m + n 

. by 6 a. 10. --^ ;r by a + y. 



3 a V , d , , 2a y^„ bob 



46 o x-\-y x-^y 

6* - — ^by — • 12. -^ — -by • 

oax xyz ar---^ a 

.^ 7ami 3mn ^^ a — «u« ^' 



96n2aa8 o^ o?^q? 

8. ^±J?by^. i^4. ^ + ^ by ^-^-.^ 

a6c osB 5aj — 15 a5^-f-5a? + 4 

a«-2a6 + 6* "^ a*-6« 

16 a!*-a!-2 , ai'-Sig-lO 
a!» + 4a! + 3 ^ a!«-4 

17. 3m-12 by ^ + 2 

18. « + 3 . a^-9 

6«-15 •'a!»-4a;-21 

■^ " a!»-64^ 5a! -26 



20. 






''^o' + fe'* 



• ar'-4»-21 "^ 6a! + 64 
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Simplify the following: 



22. ^x4x^ 
be ah a/o 



23. 
26. 



* ^ X X — ^^« 

X x + y a? — y 



(-p(^> 

27. /"f + g-W 3ay \ 

28. i^V^ 2ax^x3ix4JL)x5z:l. 
9a» HP — IT oxy' xyz 

^^' (m' + m + lAm« "'' m "^ 7* 
80. a+_l 0-2^^^,20-16. 

31. If a cords of wood cost h dollars, how much will c 
cords cost at the same rate ? 

32. If 5 pounds of sugar are worth c pounds of butter, 
how many pounds of butter are 6 pounds of sugar worth ? 

33. A father works a weeks at n dollars per week, and 
his son works 4 weeks at ^ of the wages that the father 
receives. How much do both receive ? 

34. What is the value of d acres of land at f of (d — e) 
dollars per acre ? 

35. A walked c miles in h hours. How far did he walk 
in 1 hour ? In 5 hours ? In a hours ? In c + d hours? 

8 
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DIVISION OP FRACTIONS. 
133. 1. How many times is \ contained in 1 ? |^ in 1 ? 
Xinl? Vtinl? iinl? A inl? _l_inl? 

2. How does the number of times a fraction, having 1 
for its numerator, is contained in 1 compare with its 
denominator ? 

8. How many times is f contained in 1? f in 1? 

5inl? ?inl? 
c a 

1. What is the value of A -s- - ? 
2c d 

PROCESS. Explanation. The fraction - is con- 

a ^ 
b CL ^ b d __ bd tained in 1 d times ; and -\ is contained in 

2c' d 2c a 2ac 1^ 1 p^^t of d times, or ^ times. And, 

since - is contained in 1 - times, it will be contained in — , -— 
d a 2c 2c 

times - or -^ times. That is, the quotient of one fraction divided 

a 2ac 
by another is equal to the product of the dividend by the divisor 
inverted. 

1. Change entire and mixed quantities to the fractional form. 

2. An entire quantity may be expressed as a fraction by writing 1 
for its denominator. 

3. When possible, factor the terms of the fractions and use 
cancellation. 

2. Divide ^'^-'^ hy^±L. 
a? + x-20 •' 3?-25 

ScuTioK. »'-! ^4±i- = («' + p(«'-l) xMM£^ 
a;^ + a;-20 a* - 26 (a; + 6)(a;-4) a+i 

Canceling equal factors, the quotient is 

(g-l)(3;-6) py ga-ex + S 

X- 4 X — 4 
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Divide : 



4. ^ by ^. 13. ^^±^ by ^^tl. 

ay c 2y xy' 

■ '^ ^ by ^. 14. -— * by ^ 



15a6 . 5«. _1^ , 7 



ear" •' 36 3?-f x-y 

5^!^bvl«^. 17 y + lbv ^'-^ + ^ 

6a%'c -^ 15a:y« ' oft "^ oa^ 



'^ aj* — y^ « — 2/ a^ — 2aj4-l a? — 1 

10. __—.bya--6*. 19. » ^^ bj 



v^^bx a*— 15a;+50 



21. 2a^ by S." 



a;g — 4a; + 4 , a:« — 6a; + 8 



aj2_2ar-15 "^ a^ + 4aj + 3 



24. 



/'5 + .yA by (3a?+2.v)(a?-y) . 



6(a? + y) 



l^ 26. 4a:«-4y» by ^-±i?. 
x — y 
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26. 4114 by »:iiL 



28. What is the cost of b tons of coal if 7 tons cost a 
dollars ? 

29. How many times a dollars are two times c dollars ? 

30. A man sells 4 horses at m dollars each, and after 
using n dollars of the money, divides the remainder equally 
among c children. What represents the share of each child ? 

31. A man exchanges d horses for / cows. At that rate 
what is the value of a horses ? 

32. A son's age is — of his father's. The father's age 

m 

is represented by f of the difference between a and b. 
What represents the age of the son ? 

83. A man buys hay for b dollars a ton. When the 
market price of hay has risen $3 a ton, how many tons will 
he sell for c dollars ? How many tons will yield a profit of 
d dollars ? 

84. John has h marbles, which is 5 more than c times as 
many as his brother has. How many marbles has his 
brother ? 

86. A train has n hours in which to make a run of 3 8 
miles. How many miles an hour must it travel ? 

86. A train has d hours in which to make a run of 3 c 
miles. If it goes f of the way in a hours, what must be its 
rate for the remainder of the journey ? 

87. Mary had 25 cents. She bought a oranges at b cents 
each, c apples at d cents each, and with the remainder of 
her money flags at / cents each. How many flags* did she 
buy? 
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SIMPLE EQUATIONS. 

134. An equation which contains, when reduced to its 
simplest form, only the first power of one unknown quantity 
in any term is called a Simple Equation. 

Thus, 7a; + 6 = 8x + 23, and x^ + 6a; + 6 = x2 + 2» + 10, which 
reduces to 3x = 6, are simple equations. 

135. Solve the following equations : 

^4(aj-l) = 6(2a?-8). 

2. a?-6 + 5a? = 6 + 2a?. 

3. a?(aj-4)-h60=(a?-4)(a? + 30). 

' 4. (2aj + 6)(aj + l) = (2a?~2)(aj + 9). • 
6. (a?-l)(a?-2)-(a?-3)(aj-4)=2. 

6. (a? + 3)(a?-2)-(a? + l)(a?~5) = 9. 

7. (a: + 4)(4-aj) + (a? + 2)(aj-3)=0. 

8. (iB + l)(l-aj)H-(a?H-5)(aj-2) = 0. 
.^(aj + 3)(a?-7)-(a?-f2)(a?-f4) = 21. 

10. (iB + 6)(a? + 4)-(ic-l)(a? + 8) = 36. 

11. (a; + 6)(ic + l)+(7 + «)(3-aj)=45. 

12. (a?+10)(a;-ll)-(a?-l)(a?-fl0)=20. 

13. ax — bx = a^ — b\ 

14. 6a; + c* = 6* + ca?. 

15. 6*-|-maj = m* — 6iB. 

16. aj(l-3c) + 9c* = l. 

17. x-l+4:b = b(3b + x). 

18. a(a — 4 + a;) = 2(a? — 2). 

19. c(c-aj + 2) = 6(7-a?). 
2J>. a(a; — a)=2n(aj — 2n). 

21. a(8 + a) = 4(aj- 4)4-00?. 

22. a(a — a;)-|-5(l4-«)=6a. 

23. 62-3a(3a-aj) + 6a? = 0. 



2J>. 
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24. 3 + ^±^ = ^ + H. 36. £r:l+£±3=a,+3ilE 

^2 5^2 4^3 ^2 

{^ ^ + -r = ^_10. 87. ^_*±^ = 20. 

2 ic + l 3x-l _ »-l a!-3 «-2_2 

91 " ■ a' + 2 _5g 3x _- 2a! Sa; a!_» + 5 a; 

27. x+-^ _-— 89. ___H--_^^--- 

28. ^i-2<r = ?-2±I. 40. £±^_a,=?_£±8+?. 

6 3 6 3 2 6 4 

29. 5 + ^-^ = x + 8. 41. £^ + ^-£^=0. 
4 ^ O o o 4 

80. l_2£ = a,_2_3£ 42. Lz£ + 3£-6 5^!. 

3 2 3^4 ^6 12 

81. | + 3^_| = 0. |^a,-10 = ^-3£^ 

82. 2x-?=5±10+3^ 44. £±i + £±6 + £±8 = 3. 
2 11 2 246 

83. £:i4+£±l=aj-5£ri. 46. 2=:3_5+2_i^2-3£ 

3^7 636 10 

34. ^+„ = 2^+If±5. 46. ^ + ^ = 1^ + 24. 

,_ as+l 2— X l+» a; ._ a; , 2a!+l a!+4 . a;— 2 
^^- -3 r="T~i2 *^- 7+-3-=-6-+"2^ 

„ 2g-6 , 3a! + l_l , 3a;-4 
*®- ~5~+"l0~-2 + ~T~' 

.- 3a!-6 g! + l_2a! , 5a;-ll 
**• '~2 4~-T"*"~6~~' 

-- 2a! + l , ar-3 a!-6.2a!-^ 
^' -T~ + "2~-~6~ + ~T^ 
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, -<^2a; — 8 oj-f 4 x ^ 
MTl. — ^ 9~ = 2""^ 

62. ?-6 = £-aj. 
a d 



64. 



c c 

_1 1 ^ 2a? 

oj — 1 x-\-\ a* — 1* 



55. -i, + .12 48 



iB-2 x + 2 a!*-4 

5«. £nl2 + ^:zi:=2+-^- 
a!-7 a!-12 ^ x-1 

■ 3 3*- 7 "3 

68 ig + 7 Jg + g ^g 5g + 3 

■ 2 3 4 

69. 10^-6^=10,(«-1). 
\ ^^ 7» + t6 a!__£+8_ 

^^^- "~2i 3-4^:rii' 

Suggestion. The equation may be expressed as follows: 

7x . 16 %_ a; + 8 
21 21 3 4X-11* 

Simplifying, ^- ^ "^ ^ 



21 4X-11 



20a; 36 5a; + 20 ^4a? 86 
' 26 25 9a? -16 5'"*" 26 



62. 1 



aj + 2 aj-l-6 

/Google 
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63. -^+ ^^ 



x + 6 jc — 1 

15 1 ^44 

x + 3 3(ic + 3) 15 

3a;-2 6a; + 13 ^ 21 -3 a? 
2a? -6 10 5 

_7 6a;-1 ^3( 16-2a?^ 

0? — 1 oj-hl a;* — 1 

10a; 4-17 12a; 4- 2 ^ 5a;- 4 
18 13a; -16 9 

See suggestion, Example 60. 

68 18a; + 19 11a; 4- 21 ^ 9a; + 15 
28 6a; -I- 14 14 

^^ 6a;4-l 2a;-4 2a;-l 



64. 
65. 
66. 
67. 



15 7a; -16 5 

2a;-5 a; + 5 ^ a;4-13 1 

16 "^ 4 8 "^16 

71 4a;4-3 ^ 8a;-H9 7a;-29 
9 18 5a; -12 



x + 2 x + 3 a;2-|.5a;4-6 



73. ^^ + 1 l-'^- 



74. 



l-3a; 6 l-2a; 

4 10 ^ 2 
a; -4 a; -5 a;*-9a;+20 



a 

76. ^+A=a« + 6«. 
&a; oa; 
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PBOBIiEMS. 

136. 1. The sum of two numbers is 100, and the less num- 
ber is 10 more than ^ of the greater. What are the numbers ? 

2. A, B, and C build 216 rods of fence. A builds 7 rods 
a day, B builds 6 rods, and C builds 5^ rods. If A and B 
work the same number of days and C works twice as many 
days as the others, how many days does each work ? 

3. A man bought a house for $ 6000. At the time of the 
purchase he paid a certain amount in cash, and each year 
thereafter until the house was paid for he paid ^ of his cash 
payment and $400 besides. If in this way he paid the 
whole amount in 3 years, what was his cash payment ? 

4. A boy bought a certain number of apples at the rate 
of 3 for 2 cents. He sold them at the rate of 6 for 6 cents, 
and gained 12 cents. How many apples did he buy ? 

5. A lady bought two pieces of cloth; the longer piece 
lacked 4 yards of being three times the length of the 
shorter. She paid $ 2 per yard for the longer piece, and 
$2^ for the shorter, and the shorter piece cost just ^ as 
much as the longer. How many yards were there in each 
piece ? 

6. The distance around a rectangular field is equal to 
10 rods more than five times the breadth ; and the length is 
If times the breadth. What are the length and the breadth 
of the field ? 

Suggestion. Let x = the number of rods in the breadth of the 
field ; then, 1 J x = the number of rods in the length. 

7. A man spends \ of his annual income for his board, 
\ for traveling expenses, -^ for clothes, -^^ for other ex- 
penses, and saves $380. What is his annual income? 

8. Of a company of soldiers f are on duty, ^ of the 
remainder are absent on leave, ^ of the whole are sick, and 
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the remaining 60 are off duty. How many soldiers are 
there in the company ? 

9. A farm of 450 acres was divided among A, B, and 
C so that A had | as many acres as B, and C had ^ as many 
acres as A and B together. How many acres had each ? 

10. A boy bought a certain number of apples at the rate 
of 2 for 1 cent. He sold half of the number for 1 cent 
apiece, and the other half at the rate of 2 for 1 cent. He 
gained 10 cents by the transaction. How many apples did 
he buy ? 

ScooESTioN. Let 2 x equal the number of apples. 

11. The length of a certain field is twice the breadth. 
If the length were | as much, and the breadth 1^ as much, 
the entire distance around the field would be 64 rods. What 
are the length and the breadth of the field ? 

12. Find a number whose half, third, and fourth added 
together equal the number plus 2. 

13. A man in business gained $ 100, and then lost ^ of 
all that he had. He afterward gained 9 150, when he found 
that his money was just equal to his original capital. What 
was the original capital ? 

14. Two numbers are to each other as 3 to 4. If 10 is 
subtracted from each, the smaller one will be f of the larger. 
What are the numbers ? 

Suggestion. Let 3 x and 4 x represent the numbers. 

16. A woman sold some eggs at 2 cents apiece ; but when 
she came to deliver them, four of the eggs being broken, 
she received only 192 cents. How many eggs had she ? 

16. Two numbers are to each other as 5 to 7. One half 
of the first plus the second equals one half of the second 
plus 12. What are the numbers ? 
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17. On Monday I sold 80 quarts of berries at a certain 
price per quart ; on Wednesday 48 quarts at | that price per 
quart; and on Friday 60 quarts at | that price per quart. 
In all for berries that week I received $ 6.74. What was 
the selling price of one quart on Monday ? 

18. A man gained in business as follows : The first year 
$ 400 less than his original capital ; the second year f 300 
less than the original capital ; and the third year $ 200 less 
than the first year. The gains of the three years amounted 
to $700 more than the capital. What was the original 
capital ? 

19. A mason, 5 carpenters, and 3 assistants receive 
together $ 191 for working a certain number of days. The 
mason receives $3 per day, the carpenters $2^, and the 
assistants f 1^. How many days do they work ? 

20. A man spent $ 300 more than ^ of his earnings each 
year. In 5 years he had saved $ 1000. How much did he 
earn each year ? 

21. A boy bought a certain number of apples at the rate 
of 4 for 5 cents, and sold them at the rate of 3 for 4 cents. 
He gained 60 cents. How many did he buy ? 

22. A boy spent ^ of his money and 2 cents more. He 
then spent ^ of what was left and 2 cents more, when he 
found that there remained 12 cents of his money. How 
much had he at first ? 

23. A man bought a horse and wagon, paying twice as 
much for the horse as for the wagon. He sold the horse at 
a gain of 50 per cent, and the wagon at a loss of 10 per cent. 
He received for both $ 195. What did he pay for each ? 

24. A person engaged to reap a field of grain for $1^ 
per acre ; but leaving 6 acres not reaped, he received $ 12. 
How many acres of grain were there ? 
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SIMPLE SIMULTANEOUS EQUATIONS. 

137. Elimination by Comparison. 

1. a? -f 3 y = 5 and a? — y = 1 are simultaneous equations. 
Transpose the term containing y in each to the second 
member. What are the resulting equations ? 

2. Since the second members of these derived equations 
are each equal to oj, how do they compare with each other ? 
(Ax. 1.) 

3. If these second members are formed into an equation, 
how many unknown quantities does it contain? 

4. How, then, may an unknown quantity be eliminated 
from two simultaneous equations by comparison f 

1. Given \ ^T^'^-.^vr^o ^^ ^^^ values of x and y 
(aj-h3y=19) 

by comparison. 



Solution. 


2x-y = 3 




0) 




a; + 3y = 19 




(2) 


Transposing in (1), 


2x = S + y 




(3) 


Dividing by the coefficient of x, 


"^ 




(4) 


Transposing in (2), 


a;=19-3y 




(6) 


Equating (4) and (6) (Ax. 1), 


3 + y = 19 Sy 
2 




(6) 


Clearing of fractions, 


3 + y = 38-6y 




(7) 


Transposing, etc., 


7y = 36 




(8) 


Dividing by the coefficient of y, 


y = 5 




(9) 


Substitutmg the value of y in (6) 


x = 19— 16 




(10) 




x = 4 




(11) 
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Rule. Firvd an expression for i 
unknown quantity in each equation, 
these values and solve it 

Solve the following by elimination 



1 x + y=^ 7) 

^ (X 4-2y = ll| 
\6x- y = 40> 

\2x- y= 7) 



5. 



8. 



^'- r. 



10. 



11. 



12. 



13. 



4-2^ = 11 
ic + 10y = 14] 

y- 

(2x-2y = -e^ 
iSx-2y= 6) 
( x — y=: 4| 
l2aj-y = 22) 
<Sx- y = 14| 
l2a?-f 2y = 28) 
3a?-h y=26| 
= 27) 



+ 2y = 



(2«-f3y = 20> 
j2a?- y= 7| 
(3a: + 2y = 28) 
j3a?-2y = 2^ 

(Ax-Sy= 1| 



14. 



15. 



he value of the same 
Make an equation of 

by comparison: 
2a;-hy = 27 



Ix^ 



17. 



18. 



19. 



/^O. 



[y^l. 



rzx^y=^21^ 
l3a;-y= 3) 

j3aj + 2y = 30^ 
(52?+ y = 29> 

a? y 

(aX'\-hy=:im^ 
laa? + cy = n ) 

6 6~ \ 

f 2a! + oy = 6| 
laa! + 2y=c) 



aj V »^ 
9^2 *^ 



; + 6y = 51 



| + 6a! = 27 
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138. Elimination by Substitution. 

1. In the equation x + y = 12, how may the value of x be 
found if y equals 5 ? 

2. x-\-2y = S and 2ic + 3y = 13 are simultaneous equa- 
tions. Find the value of x in the first equation by trans- 
posing 2y to the second member. 

3. If this value of x should be substituted for x in the 
second equation, how many unknown quantities would the 
resulting equation contain ? 

4. How, then, may an unknown quantity be eliminated 
from two simultaneous equations by substitution ? 

Rule. — Find an expression for the value of one of the 
unknown quantities in one of the equations, 

Stibstitute this value for the same unknown quantity in the 
other eqtiation, and solve the resulting equation, 

(3a? — 2w= 1) 
1. Given < , .^ r to find the values of x and y 

\ oj-f 4y = 19j ^ 

by substitution. 



Solution. 8 a; — 2 y = 1 




(1) 


x + 4y = 19 




(2> 


From (1), X = l^^ 




(3> 


Substituting (3) in (2), l±^ + 4y = 19 
3 




(4> 


Clearing of fractions, l + 2y + 12y = 57 




(6) 


Transposing, etc., I4y = 66 




(«) 


y = 4 




(7) 


Substituting in (3), x = ii? 

3 




(8) 


»<r8 




(9) 
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Solve the following by elimination by substitution : 



( x-3y= 3) 



l2a! + 3y = 28) 
l3a!+ y = 39> 

( x + 3y = 26> 

j4aj+ j^ = 26i 
^- 1 y-4x= 91 

^.7»-4y = 81| 
t2a!- y = 25\ 

( ar + 2y = 20) 
'• 1 x-2y= 4; 



fSa;- 
Isy- 



( x-2y=- 6> 



12. 



(3a;-2y = 24j 
l2a!- « = 20f 



,4a,- y= 42. 
(6« + 6y = 180i 

f5a! + 3y = 46) 
* (3x + 2y = 29f 

( 2x- y= 10| 
' U6a!-5y = 200f 



16. < 



0^ + 1 = 16 

|+y=20 



' l3a;-2y = 19) 
18. ^ V 



19. 



20. < 



?^2^ = 2 



3 2 

7^7 



a 6 
--|--=m 
X y 

c d 
- + -=:n 
X y 
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Solve by any method: 
21. f a,-7y = 13. r8a.-15y = 19> 



22. 



23. 



24. 



25. 



26. 



27. 



28. 



(3a!-3y = — 6) 
l7y-Sx= 22i 

( x + 5y=s 7) 
U«+3w = ll> 



(4a;-2y= 6| 
l3a! + 3y = 36f 



a:-2 = 8 
2 

2 * 



5-2 = 3 
3 6 

+ 2 = 8 



6 ' 2 



2£_2= 2 
3 8 

5_2=_3 
6 4 



5 + 2 = 2 
2^2 



80. 



81. 



84. 



86. 



86. 



r4ar+ 2y = 24) 
ISiB- y= 8> 



a!-|-6y = 12 
|+3y= T 



82. f +y=n 

38. ^^^ + ^ = n 
Xbx — ay^d} 



a 


b 




- + - = 


= m 


X 


y 




a 


b 




_ _ 


_ — ^ 


:n 


a: 


y 





m 
^+!?^=^.+«. 



a b 

5 + 2 = 1 
a 
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139. Three unknown quantities. 





2x+ y + 3 


2=13 






1. Given • 


3!c + 2y + 
x+3y+2 


z=lO 
z=13 


- to find x, y, and & 




SoLunoH. 




2« + y + 3« = 13 


(1) 






Sx + 2y + e = 10 


(2) 






x + 3y + 2z=lS 


(8) 


(2)X8, 




9a; + 6y + 3z = 30 


(4) 


(1). 




2x + y + Ss = l3 




W-(i), 




7* + 5y = 17 


(6) 


(2)X2, 




6a; + 4y + 2« = 20 


(«) 


(3). 




x + 3y + 2z = 13 




(8) -(8), 




6x + y = 7 


(7) 


(7)X6, 




26!B + 5y = 36 


(8) 


(5), 




Tx + 6y = n 




(8) -(6). 




18x=18 


(») 






x = l 


(10) 


Substituting ( 


:10) in (7), 


6+» = 7 


(11) 






y = 2 


(12) 


Substituting ( 


10) and (12) in 


(l),2 + 2 + 3« = 13 


(13) 








z = 3 


(14) 



The student will observe that by combining two of the given equa- 
tions one of the unknown quantities is eliminated, and that by com- 
bining another pair of the given equations the same quantity is 
eliminated. We have thus two equations containing two unknown 
quantities which may be readily solved. 



2 



Find the value of each unknown quantity in the following 

'2x-\-2y+ 2=15 
Z. } 3x+ y + 2z = 23 
0?- 32/ + 22 = 11 
9 



oj-h y+ 2 = 6^ 

x + 2y+ 2 = 7 
x-h y + 2z=z9 
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13. 



14. 



16. 



16. < 



2x— y— 2:= 7 
a;+ «= 19 

6a?- y^ 2 = 28 
6ajH-22(-2« = 12 
2x'^2y— 2= 8 



4^ 8 
4^10 
4^ 5 



a; 4- 2^ + 1=19 




12.^ 



18. 



19. { 



y — x+ 2; = — 5 
2; — y_^a.=s — 25 

a? + 2/ + 2 = 35 

2aj-3y= 1 
3.v-4 2;= 7 
42;-5aj = -32 
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20. 



21. 



X y z 


2^ 
3 


22. ^ 


2iB— y=s 6* 
x + y-'2z=-^2 


1 1, 1_1 
X y^ z 3 


► 


4aj-32/+«= 11 


ly z X ) 


2 15 




rl^2^ 3^ 
X y 6 


23. ^ 


^-2=1 
6 6 


- 


3_4^ 1 
y z 5 


- 


?-2=0 
.4 5 . 




3_4__1 
.2 0? 2. 






'25aj~20y + 152= 80' 




24. . 


15aj-252/ + 202;= 60 


^ 




.2 


0a? + 15^-252 = 


= -40 J 







25. A farmer has sheep in three pastures. The number in 
the first plus ^ of the number in the second plus \ of the 
number in the third equals 70. The number in the first 
plus \ of the number in the second minus ^ of the number 
in the third equals 30. The number in the second plus ^ of 
the number in the first plus -^ of the number in the third 
equals 61. How many sheep are there in each pasture? 

26. Henry, James, and Ralph together have 60 cents. 
Henry's and Ralph's money amounts to 35 cents ; James' 
and Ralph's amounts to 40 cents. How many cents has 
each? 

27. A farmer has wheat, oats, and barley. The number 
of bushels of wheat and oats is 200 ; -the number of bushels 
of wheat and barley is 190 ; and the number of bushels of 
oats and barley is 90. How many bushels are there of each 
kind of grain? 
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140. 1. When a = l, b = 2, c = 4, d = 6, what is the 
value of 2a + b'-ab + 2c _ cd-bc ^ 
d — c + ab cd — 6 

2. Find the sum of 3a(a5 — y), 4a(aj — y), 2h{x — y), 
and 5{x — y). 

3. Simplify (» + 5) - (a + 10) - [a? - (3 aj + 25) -10]. 

4. Add7Va-8aj + 7aj*, -6Va + 4aj2-8aj,7aj*-8V«. 

5. Add aa?(a-l) + (62-2) + y*, 2(6*-2)-32^ 
+ 3aa?(a — 1), 53^* — 6aa:(a — 1) — 6(6* — 2), and subtract 
from the result 4 aa?(a - 1) + (6* - 2) - 7 y\ 

6. What number added to three times itself equals db? 

7. A man had property costing 46 dollars, 7 c dollars, 
5 6c dollars, which he sold for $ 600. How much did he 
gain? 

8. From 205 aj« - 74 y* + 89 c« subtract 35aj«-42/«-c» 
+ 15. 

9. Simplify a^ + y*-{aj*-3^-(2aj«-4y*)-22}. 

10. What number subtracted from a times itself equals 
o«-l? 

11. Multiply aJ*+2a^y + 4aj2y2 + 8a^ + 16^*byaj-23/. 

12. Expand (aj+3) (a- 4) {x + 4) (a; - 3) (a? -!)(» + 1). 

182 
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13. YBJctovSo^y — 10 axy + 25 xy^- 15 a^a^. 

14. Factor o^^aj-lSe, aj«-15a? + 56, iB*-3a?-70. 

15. If 7 quarts of milk cost 1 cent less than a cents, 
what will b quarts of milk cost ? 

16. With a dollars a man paid for 10 bushels of potatoes 
at c dollars per bushel, and received 2 dollars in change. 
Express this as an equation. . 

17. Divide a?* + a^* + y* by 35* + icy + y*. 

18. Factor a»-6«, 125 aj^ - 64 y«, a?*-81. 

19. Divide 2ai8-9a?*-8aj»-l by aj« + 3aj* + 3a? + l. • 

20. Find the value of x in the equation bcx — a6 = — cte 
-1. 

21. Factor 4a« + 36a + 81, 100aj»-253^, 9aj»-42ajy 
+ 49y«. 

22. A merchant sold 6 pounds of coffee at b cents a 
pound, 5 pounds at c pents a pound, and b pounds at a cents 
a pound. What was the average price received per pound 
for the coffee ? 

23. Find the value of x in the equation CLX — a^ — V 
= 2db — bx. 

24. Factor 8 a? + 612, aV-1, m» + 27. 
26. Solve (a;-6)(aj + 4) = aj(a?-6) + 8. 

II. 

26. Write out the following squares : 
ix + 2yy, (4a-36)^ (2m~5)^ (3a6 + l)», (6 + 2a)« 
(6a?-7y)«, {a'+lOy, (m2-4n«)^ (aj»-3y)», {3a + 5x)K 
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27. Write out the following products : 

(aj + 7)(aj-4), (a? + 15) (a? - 15), (a? + 10) (a? + 3>, 
(a;-12)(a? + 9), (2aj + 5)(2aj - ^), (m« + 1) (m^ - 1), 
(a? -8) (a? -11), (a;4-15)(a;-14), (3aj + 7)(3a- 7). 

28. Find the highest common divisor of 

3a«-48a, 2a«6-l66, and 5a^c-20e. 

29. Find the highest common divisor of 

«* + 6a;-f 9, a!^ + x — 6y 3aj* + 7aj-6. 

30. Find the lowest common multiple of 

aj' + 2a-3, a^-3aj + 2, a^ + a;-6. 

31. Find the lowest common multiple of' 

aj*-9, «*+9aj + 18, a* + 3aj-18. 

32. Reduce ^ .^ , — to its lowest term& 

83. Reduce — — ^^ „ to its lowest terms. 

a^^Sxy-lOf 



84. SimpUfy/'-i- + -A-V^^^=i?. 
yx-hy x — yj x + y 

36. Simplify 



4(1 + y) 4(y-l)"2(y»-l) 

87. Simplify -M«Il2)_x_£(^±£i_. 

88. Simplify ^Zl|^«£±|. 

89. Simplify 3a-46_2a-ft-c lgo-4e, 

*^ -^ 7 3 12 
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40. A can do a piece of work in m days ; 6 can do it in 
n days. Express the part that each can do in one day. 
Express the part that both can do in one day, and the num- 
ber of days in which both can do the work. 

41. Solve 3£±5 + l0 = ^ + 2^. 

7 5 3 

42. Solve «(»- 3) + ? = a?(a?- 5)+^. 

6 o 



43. Solve 



x^2 _ x + 2 



«*-4 aj*-4 x + 2 



44. Solve ^i5Lzi£i_^(M:^ = a?. 

a 

45. A farmer has one third as many horses as cows, and 
one half as many cows as sheep. If there are a animals in 
all, how many are there of each kind ? 

46. Solve « ^ «-^ 



47. Solve 



a? — a oj — 6 « — c 
5.4 3 



l-5aj 2a?-l 3aj-l 



48. The sum of two numbers is a, and the first divided 
by m equals the second divided by n. What are the num- 
bers? 

49. The mth part of a certain number plus 10 equals m 
times the number minus 5. What is the number? 

60. If a certain number is divided successively by a, &, 
and c, the sum of the quotients will be 10. What is the 
number ? 
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in. 

61. Expand(a?-l)(a;-hl)(iB* + l)(i«* + l). 

62. Factor a« - 1, a« - h\ and a* - 81. 

63. John purchased a pair of skates for c cents, a book 
for m cents, and a cap for r cents less thau he paid for the 
book. If he offered a $ 2 bill in payment, what was his 
change ? 

54. Find the value of x in the equation a(cx—h)=d(bx—c). 
What is the value of x when a==4, 6 = 3, c = 2, d = l? 

66. Expand (a-\-z) (a^—az-\-z^ and (1— a?) (1+ x +aj»). 

66. Factor or* - 27, 1 - a*, and 16 a^ + 54. 

67. Solve (aj + 8)(aj-7)-(aj-l)(aj + l) = 46. 

68. A boy has 1 hour in which to return a bicycle bor- 
rowed of a friend and to walk back to school. Riding at 
the rate of 2 blocks in 1 minute, and walking at the rate of 
1 block in 2 minutes, he has just 5 minutes to spare. 
How many blocks from school does his friend live ? 

69. Dividea« + 4a6*-406*by a-26. 

60. If 4 tons of coal cost 1 dollar more than g dollars, 
how much will r tons cost ? 

61 . Factor 6 o^fe - 10 aV)^c + 10 db^c? - 15 oftV. 

62. What is the highest common divisor of a?*+a?y + y* 

68. What number is 6 a — 9 6 less than 4 times itself ? 

64. Simplify 1 - [a? - (1 - a?) - {a? - 4{ - (3 - «)]. 
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66. FactoriB*-7aj + 10, y2_y-20, andm* + m-6. 

66. Reduce ^'"^^,^'j"^^ to its lowest term& 

m^ — S 

67. Reduce ; to its lowest terms. 

4 — a' 

68. Simplify -^+ ^^ ^ ^ 



x — 1 1-ar* 05 + 1 



69. A farmer traded a dozen eggs at m cents a dozen 
for 6 pounds of tea at c cents a pound, and received 25 cents 
in change. Express this in an equation. 

70. Simplify ^-^ + —^j^^,-^-^-^ 
n. Simplify ^^IlA^xr-^--l-\ 

72. Simplify (^;.^5-(a + &). 

73. A can do a piece of work in 12 days, and B can do 
it in a days. What part of the work can each do in 1 day ? 
Express the part of the work both can do in 1 day. In 
how many days can both together do the work ? 

74. The sum of two numbers is 10, and the first divided 
by 2 is equal to the second divided by 3. What are the 
numbers ? 

75. A man's farm containing 440 acres is divided into 
four fields. If the first is ^ as large as the second, ^ as 
large as the third, and f as large as the fourth, how many 
acres are there in each field ? 
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IV. 

76. Expand the following products into polynomials : 
(X + 6) (a; + 3), (a; - 10) (x + 11), (x + 26) (a; - 1), 

(a!» + 1) (a!« - 2), (3 m + 5)(3 TO - 2), (2 a; - 1) (2 « - 6), 

(a; - 2 a) (a; - 2 o), (xy + mn) (xy + mn), (1 - a^i^ (1 + a'a?). 

77. Solvei = J+i-:i- 

X 3 4 12 

78. Solved 3£_^4_.6m« 



79. Solve i=?-f- + -• 

X c a 

80. What number divided by 3 is 4 less than the 
number ? 

81. What number diminished by its wth part is equal 
to a? 

82. Solve^±^-a;(aj-8) = (l-a;)(a;-10)-9. 

83. Solve ^-^-^ + ^«--^^'- 



84. Solve 



x-^-a x — a a* — JB* 

__§ 2^ 1 

a-fl oj— 9 a; — 4 



86. Solved- «-^ ^-^ 



X X+1 X—1 X 



86. Find the highest common divisor of 3aV — 27a6, 
2a:'b^ + 12ab + 18, and a^b^ -j- a^b - 6 a. 

87. A man who had a dollars bought 5 gallons of mo- 
lasses at w cents a gallon. How many pounds of sugar at c 
cents a pound can he buy with the remainder of his money ? 
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88. Reduce / ""^ to its lowest terms. 

89. Reduce (^ 4- 1/ (a? - 1)' ^ j^g lowest terns. 

ar — 1 

90. Simplify ^^^'^ , —- 

m- — ran + n* m+n 

91. Simplify — ^ -i-^. 

a — x a-\-x a^—7? 

92. Simplify -?^ + ^+ ^«* - 



7+a 7 — a a* — 49 

Solve : 
93. 5 + 2 i^^g 

. 5a?-f 19 a; + 14 ^ 25 + 2x 

' 2a;-f4 5a; + 10 3aj + 6 

^^ 7 a? + 1 . 13 « + 4 100 



96. 
97. 



9a;-3 6aj-2 15aj-5 
_Jl 2^ 3 

1 + aj 1 — oj 54-« 
2 11 



6aj-9 4a;-4 12a; 



98. -i ?^ + -l- = 0. 

a; + l «4-2 a; + 4 

* a + 6 a? 

aj-2c 2 



100. 



aaj — 4 a* c 



101. ± + i==L + i 
bx a ax 

102. What number added to twice itself equals a + b? 
lOS. How much less than 1 is a — a* ? 
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V. 

104. Find the highest common divisor of a? -h a?, (a + »)\ 
and af^of. 

105. Find the highest common divisor of Ox' — 1, 0a;4-3| 
and (3x + l)*f 

106. Find the highest common divisor of «* — 2a! — 3, 
a? 4- 4aj + 3, and a? - 6a; - 6. 

107. Find the lowest common multiple of 3(aj' + a^), 
5(3^-3^), and 6(a;»-y*). 

108. Find the lowest common multiple of a? +11 a? + 30, 
a* + 12a? + 35, and x' + 13a? + 42. 

109. Find the lowest common multiple of 12«y(a? — y"), 
2a(a? + y)«, and3y(a?-3^)«. 

110. Reduce ^^y^^J) to its lowest tenns. 
^ 4(a*6 — a6')* 

111. Reduce — — J^"^ ^ to its lowest terms. 

a^ + 3a' + 3a + l 

Change to equivalent fractions having their lowest oom- 
mon denominator : / 

_^ 8a? + 2 2a?-l ^ , 3a? + 2 

112. *-—9 r> and - — i—-* 

a? — 2 3a? — 6 6a? — 10 

113. —z — 7) -5 -1 and -- — -! -• 

aJ_4 a?' + a?-6 a? + 6a? + 

114. -?_, -SL^, and -i^ 

115. 3, 6^, ^^^ 2a? 



1 + a? 4 + 4a? 1 — a? 
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Simplify : 

116. -Jt « «' + '^ ■ 

a — a? a + 2x {a'-x)(a+2x) 

117. a?+y 2a? ^ a^-a^ 

y x + y yip^'-f) 

Solve : 

118. ^-^ = ^-^ +^ 



119. 
120. 
121. 
122. 



7 ^ 6x 3(l + 2g«), 
aj + 1 aj-1 aj»-l 



17 



4^ 21+2a? g^ 



5(aj + 3) ' 5 3(«+3) 

3a?-l 4a; — 2 ^1 
2aj-l 3a;-2 6 

2 ^ 6 1 

2a;-3 3a; + 2 aj-2 



123. am-6 + - = — 
m 

124 ^<^~26 gag — a _qa; 2 
36 2& " 6 3 

126. ^ = 6c + d + -. 
a? X 

126. — + 4- + ^ = 2aa? + 6aj + ca?. 
oc ao 5c 

-• K'-i)^K'-i)=i('-i> 

128 g'-'g + l a!' + a; + 1 ^ 2a; + l 
' x-1 x + 1 as'-l 
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VL 



Solve the following equaticms : 

129. ( 4« + 3y = 31 



132. 



180. 



181. 



x + ^= 6 
4 



x-2 10-a?_y-10 



fl 


. 8 






+ - = 


a 


X 


y 




5 


2 






+-= 


b 


[ic 


y 





2ji±^_2x±y 
3 8 



184. 



4 
.a? + 13 



4a?-f-12y = 6 
183. \ ex^ 3z = 2 186. 

.160?- 92 = 1. 
186. 3aj + 23^ = 8(2^-a?) + 2 = 26. 



187. 



188. 



189. 



j5a?-. y = lll 

r5aj- y = 271 
I aj + 3y = 16/ 
r2aj + 73^ = 6al 
l7« + 2y = 3oJ 



140. 



141. 






aj-|-2 = & 
[y + z = c) 



f3v-4aj= 2 
6v + 23^ = 20 
5a; + 33^ = 20j 

x = a-^y — b 
z=^c ^x + a 
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Solve by factoring : 

142. a:*— 16 a; + 60=0. 146. a? -a? -72 = 0. 

143. a:^-|-8rK -1-12=0. 147. aj* + aj-42 = 0. 

144. a:* --4a; — 45=0. 148. aj-130 = 2-a«. 
146. a:*— a? — 20=0. 149. 12 a? + 108 = aj*. 

160. c»-6aj = 9 + a:*. 

VII. 

151. One half of Toil's money equals f of John's, and 
Tom has $ 12 more than John. How much money has each ? 

152. At a certain election there were two candidates ; the 
successful candidate had a majority of 60, which was ^ 
of all the votes cast. How many votes did the defeated 
candidate receive ? 

153. A lad spent on July 4th ^ of his money and 6 cents 
more for firecrackers, and ^ of his money and 4 cents more 
for torpedoes. If that was all of his money, how much 
had he? 

154. A man bought a number of sheep for $225; 10 of 
them having died, he sold ^ of the remainder at cost for 
f 150. How many sheep did he buy ? 

155. John had f as much money as his brother, but after 
each had contributed 25 cents to buy a hat John had only 
f as much money as his brother. How much had each ? 

156. A man divided f 6100 among his three grown sons 
in such a way that the youngest son received \ less than 
the second son, and the second son ^ less than the oldest 
son. What was the amount given to each son ? 
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157. If to the numerator of a certain fraction 1 is added, 
the value of the fraction becomes 1 ; but if 3 is subtracted 
from the denominator, the value becomes 2. What is the 
fraction ? 

SuooBSTioN. Let - represent the fraction. 

y 

158. A man bought 20 bushels of wheat and 15 bushels 
of corn for $ 36, and 15 bushels of wheat and 25 bushels of 
corn, at the same rate, for $ 32.50. How much did he pay 
per bushel for each ? 

159. If ^ of the value of a carriage is equal to | of the 
value of a horse, and the value of the carriage is 320 more 
than the value of the horse, what is the value of each ? 

160. A merchant, after selling from a cask of vinegar 15 
gallons more than \ of the whole, found that he had left 
just four times as much as he had sold. How many gallons 
did the cask contain at first ? 

161. A and B together have 100 acres more than a section 
of land. If I of A's farm is as large as f of B's farm, how 
many acres are there in each farm ? 

162. The sum of two numbers is 35, and one of them is ^ 
larger than the other. What are the numbers ? 

163. A and B suffer equal losses by fire. B, who was 
worth $ 4000 more than A, loses f of his property, while A 
has left only \ of his property. What was A's property 
before the fire? How much did each man lose? 

164. A fruit vender buys apples at the rate of 5 for 3 
cents, and sells them at the rate of 3 for 5 cents. How 
many must he sell to pay $4.00 for a license ? 
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165. A and B own flocks of sheep. If A sells to B 10 
sheep, they will each have an equal number ; but if B sellrf 
to A 10 sheep, A will have three times as many as B. How 
many sheep has each ? 

166. A grocer will aell 1 pound of tea, 2 pounds of coffee, 
and 1 pound of sugar for $ 1.00 ; or he will sell 2 pounds 
of tea and 6 pounds of sugar for 3100; or he will sell 3 
pounds of coffee and 2 pounds of sugar for $ 1.00. What 
is the price per pound of each ? 

167. How far may a person ride in a stage, going at the 
rate of 8 miles an hour, if he is gone 11 hours, and walks 
back at the rate of 3 miles an hour ? 

168. I have two purses, one containing gold coins, and 
the other silver coins. The money in both purses equals 
in value twice the value of the gold coins ; and ^ the value 
of the silver coins, increased by ^ the value of the gold 
coins, equals $ 150. How much does each purse contain ? 

169. A man bought a horse, a cow, and a sheep for a 
certain sum. The horse and the sheep cost 5 times as 
much as the cow, and the sheep and the cow cost ^ as much 
as the horse. How much did each cost, if the cow cost $ 30? 

170. The snm of two numbers is 38, and \ of one is 2 
more than \ of the other. What are the numbers ? 

171. A ball, a bat, and a suit cost $5.25. If the suit 
cost 2 times as much as the bat, and the bat cost 50 cents 
more than half as much as the ball, what was the cost of 
each? 

172. A woman sold some butter for 25 cents a pound. 
Had she received 5 cents more for 1 pound less, she would 
have received 2 cents more per pound. How many pounds 
did she sell ? 

10 



Digitized by 



Google 



146 GRAMMAR SCHOOL ALGEBRA. 

173. A and B have the same income. A saves ^ of his, 
but B, by spending' $ 100 each year more than A, at the end 
of 5 years finds himself f 240 in debt. What is the 
income of each? 

174. A farmer had his sheep in 3 fields. | of the num- 
ber in the first field was equal to | of the number in the 
second field, and | of the number in the second field was 
f of the number in the third field. If the entire number 
was 434, how many were there in each field? 

176. A man left one half of his property to his wife, one 
sixth to his daughter, one twelfth to his brother, and the 
rest, which was $ 900, to charitable institutions. How much 
was his property worth ? 

176. A and B together have $ 1340. A buys horses at $ 60 
a head, and B buys five times as many sheep at $3.25 a 
head: If each man now has $ 60 left, how many horses did 
A buy? 

177. The sum of two numbers is a, and their difference 
is b times the smaller. What are the numbers? What are 
the numbers when a is 24 and ^ is 2 ? 

178. A huckster sold 25 bushels of apples for $18.50, 
some at 20 cents a peck, the rest at 15 cents a peck. How 
many bushels of each kind did he sell? 

179. A milkman who had been buying milk for 10 cents 
% gallon, and selling it at the rate of 18 quarts for $1, 
reduced the selling price to $ 1 for 22 quarts. If by that 
means he increased his daily sales 300 quarts, and his daily 
profits $2.50, how many quarts did he sell a day at 18 
quarts for $ 1 ? 

180. A square pasture is made 15 rods narrower and 20 
rods longer by moving the fences on two sides. If there is 
the same area of pasture as before, what are the dimensions 
of the two fields ? 
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vm. 



147 



2 a? — 33^+ z— 1 

181. Ua? + 22/-3« = 13 
3a?-52/-h42;= 3J 

2^4^ 6 

182. J*? + v-|.A = 5 

5 + 2^-^ = 4 
.4^-^ 12 



183. 



184. 



0? — a _ 6 — y 

6 a 

a & 



oa? + 5y = c* 
a 5 



& + y a-\-x 



188. 



185. 



186. 



187. 



x — a 



= c 



y-6 

a(aj — a) + 5(y — 6)=s — a6c 



- + ■ 



= 2a 



a+6 a— 6 
4a& 



a: a;H-2 y + 4 ^y-2 
3"^ 4 5 2 

3^5^2^^^^, 

6 o 

x-\-6 z — x X z _^ 

6 2 6"^4"" 



f- . 



3y-2g ^ y-4 
8 5 

S£±2z^y±2z 
7 4 



189. 



fl? +.y-2 ^ a?— y+2 
'7 5 

a?— y— 10 _ a?-3.y+3 
4 3 J 
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190. A person being asked the time of day, replied that 
it was past noon, and that ^ of the time past noon was 
equal to J of the time to midnight. What was the time ? 

191. A yacht, whose rate of sailing in still water is 12 
miles an hour, sails down a river whose current is 4 miles 
an hour. How far may it go, if it is to be gone 15 hours ? 

192. Three men engage to husk a field of com. The 
first can do it in 10 days, the second in 12 days, and the 
third in 15 days. In what time can they do it toget]^er ? 

193. Fifteen persons agree to purchase a tract of land, 
but three of the company withdrawing, the investment of 
each of the others iis increased $ 150. What is the cost of 
the land ? 

194. C and D have the same income. G saves r^ of his, 
but D, by spending $ 65 more each year than C, at the end 
of 6 years finds himself $60 in debt. How much does 
each spend yearly ? 

195. I sold a bureau to A for \ more than it cost me. 
He sold it for $ 6, which was f less than it cost him. How 
much did the bureau cost me ? 

196. A man agreed to work 16 days for $24 and his 
board, but he was to pay $ 1 a day for his board every day 
he was idle. If he received $ 14, how many days did he 
work? 

197. A man can saw 2 cords of wood per day, or he can 
split 3 cords of wood after it is sawed. How much must 
he saw that he may be occupied the rest of the day in split- 
ting it ? 

198. A carriage maker sold 2 carriages for $300 each. 
Did he gain or lose by the sale, if on one he gained 26 per 
cent, and on the other he lost 25 per cent? 
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199. A steamboat makes a trip from P to H and return 
in 10 hours, stopping 40 minutes at H, If it goes 6 miles 
an hour upstream and 10 miles an hour downstream, what 
is the distance between P and H? 

200. A man has two horses, and a saddle worth $10. 
The value of the saddle and the first horse is double that of 
the second horse, but the value of the saddle and the second 
horse lacks $ 13 of being equal to the value of the first horse. 
What is the value of each horse ? 

201. How many quantities each equal to a^ — 2a + l 
must be added together to produce 5 a* — 6 a* -f- 1 ? 

202. There is a cistern into which water is admitted by 
three faucets, two of which are of the same size. When, 
they are all open the cistern will be filled in 6 hours, but if 
one of the equal faucets is closed the other two will require 
8 hours and 20 minutes to fill it. In what time can each 
faucet fill the cistern ? 

203. A farmer purchased 100 acres of land for $ 2450. 
For a part of it he paid $ 20 an acre and for the rest $»30 
an acre. How many acres were there in each part ? 

204. A said to B, " Give me $ 100, and I shall have as 
much money as you have left." B said to A, "Give me 
$ 100, and I shall have three times as much money as you 
have left." How much money had each ? 

205. The head of a fish is 8 inches long. The tail is as 
long as the head and ^ of the body, and the body is as long 
as the head and tail. What is the length of the fish ? 

206. A tree is broken into three pieces. The part stand- 
ing is 8 feet long. The top piece is as long as the part 
standing and \ of the middle piece, and the middle piece is 
twice as long as the other pieces. How high was the tree ? 
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141. How does the algebraic solution of a problem differ 
from the arithmetical solution ? 

What are the letters used in algebra commonly called? 

Define unknown numbers or quantities. 

What letters are used to represent unknown quantities ? 

What is an equation? 

Give the sign of equality ; the sign of deduction. 

What is an algebraic expression ? Illustrate. 

How do the uses of signs in algebra differ from their 
ases in arithmetic ? 

What is a power ? Give an illustration. 

What is an exponent ? Give an illustration. 

How are powers named ? What, also, is the second power 
called ? What, the third ? 

What is a coefficient ? When no coefficient is expressed, 
What is the coefficient ? Give an illustration. 

How should quantities inclosed in parentheses be treated? 

What is an algebraic term ? 

Distinguish between positive and negative terms. Illus- 
trate each. ^ 

Distinguish between similar and dissimilar terms. Illus- 
trate each. 

What is a monomial ? A polynomial ? A binomial ? 
A trinomial ? Give an illustration of each. 

Explain what is meant by using the signs -f and — as 
signs of opposition. 

160 
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When positive quantities are added, what is the sign of 
the sum ? 

What is the sign of the sum when negative quantities 
are added ? 

How is the sign of the result determined when both 
positive and negative quantities are added ? 

What kind of quantities can be united by addition into 
one term? 

How may dissimilar quantities be treated in addition ? 

What are the two eases in addition ? Give the rule. 

Define known numbers or quantities. What letters of 
the alphabet represent them ? 

Instead of subtracting a positive quantity, what may be 
done to secure the same result ? 

Instead of subtracting a negative quantity, what may 
be done to secure the same result ? 

Give the three principles in subtraction. 

Give the cases in subtraction. 

When is it necessary in subtraction to inclose the coeffi- 
cient of the answer in parentheses ? 

Give the signs of aggregation. What do they show ? 

How may the subtrahend sometimes be expressed ? 

When the subtrahend is inclosed in parentheses and pre- 
ceded by the sign minus, what must be done when the 
subtraction is performed ? 

Give the two principles relating to parentheses, or other 
signs of aggregation. 

How does the sign plus before parentheses affect the 
quantity inclosed ? 

When a quantity is changed from one member of an equa- 
tion to another, what change must be made in its sign ? 

What are the members of an equation? What is the 
first member ? The second member ? Illustrate. 

What is an axiom ? Give the six axioms. 
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What is transposition? Give the principle relating to 
transposition. Give the rule. 

How may the value of the unknown quantity obtained 
by solving an equation be verified ? Illustrate the process 
by an appropriate example. 

When a positive quantity is multiplied by a positive quan- 
tity, what is the sign of the product ? 

When a negative quantity is multiplied by a positive 
quantity, or a positive quantity by a negative quantity, 
what is the sign of the product ? 

When a negative quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

Name the four ways of indicating multiplication. 

Give the three principles of multiplication. Give the 
cases in multiplication. Give the rules. 

What is the principle relating to the square of the sum 
of two quantities ? What is the square of x + y? 

What is the principle relating to the square of the dif- 
ference of two quantities ? What is the square of a? — y ? 

What is the principle relating to the product of the sum 
and difference of two quantities ? What is the product of 
(a;-fy)(a;-y)? 

What is the principle relating to the product of two 
binomials which have a common term? What is the 
product of (x + 3) (a; + 2)? 

What are simultaneous equations? Illustrate. 

Define elimination. Give the principle relating to elimi- 
nation by addition or subtraction. Give the rule. 

Illustrate the method of elimination by addition or sub- 
traction by the solution of a problem. 

What is the sign of the quotient when a positive quan- 
tity is divided by a. positive quantity ? 

What is the sign of the quotient when a negative quantity 
is divided by a negative quantity ? 
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What is the sign of the quotient when a positive quan- 
tity is divided by a negative quantity, or a negative quan- 
tity is divided by a positive quantity ? 

How is the exponent of a quantity in the quotient found ? 

Give the principles relating to division. Give the eases 
in division. Give the rule under each case. 

What is a factor ? What is factoring ? Give the rule 
for factoring a polynomial all of whose terms have a com- 
mon factor. How may a polynomial be factored when 
only some of its terms have a common factor ? 

What is meant by " square root " ? Give the rule for 
separating a trinomial into two equal factors. When can 
a binomial be resolved into two binomial factors ? Give 
the rule for so factoring a binomial. 

What is a quadratic trinomial ? Illustrate the method 
of factoring a quadratic trinomial. 

What quantity will divide the sum of two cubes ? How, 
then, may the sum of two cubes be factored ? Give the 
factors of a^ -f y*. What quantity will divide the difference 
of two cubes ? How, then, may the difference of two cubes 
be factored ? Give the factors of a:* — y*. 

Explain the solution of the four kinds of equations by 
factoring. 

What is a common divisor? Illustrate the use of the 
common divisor by giving two or more quantities and 
a common divisor or factor of them. What is the highest 
.common divisor or factor of several quantities ? Give the 
principle relating to the highest common divisor. 

What is a multiple of a quantity ? What is a common 
multiple of several quantities ? What is the lowest com- 
mon multiple of several quantities? Give the principle 
relating to the lowest common multiple. Find the lowest 
common multiple of two or more quantities which are 
monomials, and of two or more which are polynomials. 
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Define a fraction ; an entire quantity ; a mixed quantity. 
Illustrate each. What is meant by the sign of a fraction ? 
Give the principle relating to reduction of fractions. When 
is a fraction in its lowest terms ? 

Name the five cases under reduction of fractions, and 
illustrate by solving examples. Define and illustrate similar 
and dissimilar fractions. What is meant by lowest com- 
mon denominator? Illustrate. Give the principles relat- 
ing to the lowest common denominator. 

What effect has it upon the equality of the members of 
an equation to multiply both members by the same quantity ? 

How may an equation with fractions be changed into one 
without fractions ? What is meant by clearing an equsr 
tion of fractions ? Give the principle and the rule. 

If a fraction has the minus sign before it, what must be 
done when the denominator is removed? If a fraction is 
multiplied by its denominator, what is the effect ? What 
must be done to dissimilar fractions before they can be 
added or subtracted? Give the principles. 

In what two ways may a fraction be multiplied, and in 
What two ways may it be divided by an entire quantity ? 
How should entire and mixed quantities be changed before 
multiplying ? How may an entire quantity be changed to 
a fractional form ? 

Solve an example in multiplication of fractions and one 
in division of fractions, making use of factoring and cancel- 
lation. Explain the reason for inverting the divisor in divi- 
sion of fractions. 

Define and illustrate the term simple equation. 

How may an unknown quantity be eliminated from tw6 
simple simultaneous equations by comparison ? By substi- 
tution ? Give the rules. Illustrate by solving examples. 

Describe the method of solving, and solve a set of simple 
simultaneous equations containing three unknown quantities. 
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